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Abstract. This article proposes an approach to formalize the quantitative relationship between
increments of the prime rate and income. Such knowledge provides the possibility of income
management according certain prefixed goals. Furthermore, this article considers the possibility
of parrying the cyclical decline in income via a corresponding reduction of the prime rate.
A management strategy based on the established functional relationship between investments and the
prime rate is proposed. It is shown that if the long-term investment trend is inversely proportional to
the prime rate, then the trajectory of the concerned cycle depends on the square root of the prime
rate. Consequently, its change leads to the divergence of investment component values. This fact
provides the basis for developing an approach to parry the cycle contraction. The cycle model in
the form of random oscillations of an elastic system under the influence of white noise provides a
quantitative estimate of the variation in the prime rate, which in turn, yields the required change in
the value of income. Since the considered approach is based on the most probable trajectory of the
cycle, the resulting expressions will also lead to the most probable estimates. The applicability of the
proposed approach to the analysis of the cycle behavior is demonstrated by the example of current
deviations in US income.
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1. INTRODUCTION

In the seminal work of modern business cycle theory (Kydland, Prescott, 1982), as well as in subsequent
ones (see, for example, (Kehoe, Midrigan, Pastorino, 2018)), the question of the “driving force” of cycles
was always arising. Usually, some shocks were mentioned as a response to it, but the nature and cause of
shocks were not formalized (Golosov, Menzio, 2020). This means that the mechanism of economic cycles,
as well as its formal (mathematical) model in the framework of the modern theory of economic cycles, were
not clearly defined. However, economists’ references to external shocks as the “driving force” of fluctuations
in economic systems make possible to classify them as elastic ones. Recall that an elastic system, after the
impact of an external shock, generates free oscillations with an exponentially decaying amplitude relative
to the equilibrium state (Bolotin, 1984). Based on these considerations, a one-dimensional lumped model
of the “investment - income” type was proposed in the form of a second-order nonlinear differential equa-
tion (Karmalita, 2020):

F(1,1,X,X,X)=0. (1)

Here /() and X(7) are the investment and income functions respectively. Wherein, the function I(7) is the
sum of all N(r) < oo existing investments, each of which is represented in the form shown in Fig. 1.

G, AC;, and T; are the initial capital, return and duration of the investment j, respectively. Formally, the
investment function can be written as follows:

I/.(t)=C/.+ACj/2+E/.(t), 2)
where Ej(f) represents the fluctuations of the investments with respect to the value (C; + AC'j/Z). Since

investments in a market economy are the result of independent activity of N(7) agents, they have
a random beginning (start). Therefore, the deviations €; = E(#,) in Fig. 1 are stochastic due to the random
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1A (equiprobable) position of the moment #; within
the range 0, ..., T;. Considering expression (2), the
function /(¢) is represented by the sum of two terms:

N(1) N(r)
1(1)=31,(1)=3(C,+AC, /2)+

+[j2:)8j(t)=M(t) + E(1),

C+AC /2 ]

3)

|
|

: ! here M(?) is the deterministic component of the
! investment function, and the investment fluctuations
t,

0 M > ! E(?) are Gaussian white noise with the zero
! mathematical expectation and variance equal to:
N(r
Fig. 1. Diagram of the investment j D =Zj=(l )ACj? /12. 4)

It should be noted that the expression (3) confirms the legitimacy of the postulate (Cooley, Prescott, 1995) on
the need to consider economic growth and fluctuations together. Thus, the income function can also be represent-
ed by two components X(7) = L(f) + 0X(f), where L(?) is the long-term income trend due to the investment trend
M(?), and the deviations 0X(7) are caused by investment fluctuations £(f). Income deviations include all known
business cycles (Kondratiev, Kuznets, Juglar, and Kitchin) as well as other possible income fluctuations, that is:

OX(1) = Egon(t) + Egue(0) + Egyg(t) + Ege(0) +....
Income deviations is an order of magnitude smaller (Korotaev, Tsirel, 2010) than the values of X(¢), so
they can be interpreted as small deviations of the latter. Therefore, to describe a specific cycle E(f) with
period 7, equation (1) can be linearized by reducing it to a second-order ordinary differential equation:

E(t)+2hE(t)+(2nf0)zE(t):E(t). (5)

The model (5) describes a linear elastic system with natural frequency f, = 1/7;, and damping factor 4,
which is affected by white noise (Bolotin, 1984). Thus, the approach outlined above made it possible to
move from modeling the results of observations of economic cycles to modeling the mechanism of their

occurrence. According to the proposed model, income oscillations are induced by exogenous (investment
fluctuations) and endogenous (system elasticity) causes.

The investment values (Fig. 1) relative to (C; + AC;/2) correspond to the period of the so-called sawtooth
function Fi(#), which is represented by an inﬁni&g Fourier series (Pavleino, Romadanov, 2007):
AC. =
F,(t): ’Zsin(2nlt/Tj)/l.
T =

J

In particular, the first (/ =1) harmonic sin (25t#/ 7)) is shown in Fig. 1. This fact justifies the use of the fre-
quency domain analysis to the processes occurring in economic systems. Therefore, let us consider the pro-
perties of the linear elastic system in the frequency domain described by its amplitude A(f) and phase ®(f)
frequency characteristics (Fig. 2).

A(f) A

h=0.01

40

—180

Fig. 2. Amplitude and phase frequency characteristics of the linear elastic system
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A(f) determines the ratio of the amplitudes of the input (investment) and output (income) harmonics.
According to the shape of the characteristic A(f), the values of random oscillations Z(f) are determined
mainly by harmonics in the vicinity of f, (f; = 0.7/, < f< f, = 1.4 fy).

D() is the difference between their phases, which is equivalent to the time delay of the output process
with respect to the input process. It follows from the characteristics ®(f) (Fig. 2) that investment manipula-
tions lead to a tangible change in the intensity of the cycle with a time delay 7;,/4, and its complete change
after half the cycle period.

Model (5) not only explains the phenomenon of the cycle, but also provides its quantitative description in
terms of 4 and £, as well as a cycle intensity (variance) Dg. This model, together with the presentation of the
investment function in the forms of expressions (3) and §4), provides a theoretical basis for the mathemati-
cal solution of the income management problems. The purpose of this paper is developing an approach for
investment management to counter the cyclic income contraction. To implement this, in the next section
of the article, a quantitative relationship is established between the increments of a possible control factor
and income. The last section is devoted to the quantitative analysis of the current state of the US economy
using the provisions of the developed approach.

2. PARRYING THE POTENTIAL CYCLIC CONTRACTION

We will proceed from an existing fragment of the _
cycle 2 (7) of interest with frequency f, on the time s04
interval #; <7< t,, where 1, is the current moment in Fe o
time. Moreover, we assume this fragment to be pseu- ’ °
do-stationary (Karmalita, 2020), that is, the evolu- ° ¢
tionary change in the parameters of model (5) over 0f- ° >t
indicated time interval corresponds to the statistical i i ’ e
variability of their estimates with a confidence lev-
el P. Furthermore, this fragment has a discrete rep-
resentation with a sampling interval A¢, that is, &
() =E(Ari),i=1, .., n= (1, — t;)/Ar. Estimates Fig. 3. Predicted trajectory of the cycle
&. = _(t ) of the cons1dered cycle can be formed from
the deviations 0X(;) = X(t;,) — L(t;) of the income function by the method proposed in (Karmalita, 2023).
Here and further in the text, the sign “~” denotes a quantitative estimate of the noted variable.

A

The presence of a cycle trajectory allows to predict the future values En+ T EnJ,m (m=1.5/ At) of the
cycle using the Monte Carlo method (Karmalita, 2022) as shown in Fig. 3.

In the above figure, & »and ET are estimates of the peak and trough of the predicted cycle trajectory, re-
spectively. Therefore, the estimated contraction in income from the considered cycle is AX =&, -,

Due to the stochastic nature of income oscillations, the cycle trajectory (amplitude) can be changed only
by affecting the intensity o, of investment fluctuations £(#). Quantitatively, the relationship between intensi-
ties oy = /Dé and o, = ,/D_ is determined by the root-mean-square (rms) gain (K;) of the economic sys-
tem (Karmalita, 2020): o, = Ko, .

From expression (4) it follows that a change in the number of investments and their returns will affect
the intensity of E(?), that is, the value of o,. Consequently, manipulations with the intensity of investments
provide a change in the cycle amplitude, which will lead to a change in the cyclic contraction — AX..

The return of the investments j can be represented as a function of their interest and duration
AC(1) = a;CG;R(1) T}, where R(7) is the bank prime loan rate (hereinafter the prime rate), and o, =const. Ac-
cordmgly, the expressmn for the deterministic component of the investment function can be reduced to the

following expression:
N(r) N(f) N(r)
M()=3(C+ € /2)=3 JC+R(OE B,

where [3 =a, C T /2. The generally recognized existence of an inverse rela‘uonshlp between investment
activity 'and the prlme rate in (Blanchard, 2017) allows us to present it as N(¢)=k / R(t), where k is
a constant. The sums in the above expression for M(f) can be written in the following form:

N(r) . N(r)
z/':ltcj = CavN(t)’ Zj:]tBj = BavN(t)’
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where € and B, are average values of C and [3 Therefore, the final expression for the investment trend
will be:

M(t):C”Vk/R(t)+Buvk:AR*‘ (t)+B. (6)
According to the above approach, the expression for o, reduces to the following form:

= AC 12=p, Jk R()/3=D RV (1). (7)

From expressions (6) and (7) it follows that a change in the prime rate will affect the values of M(7) and
E(f) in opposite directions. For example, at the cycle contraction stage, decreasing R(f) leads to an increase
in the long-term trend L(¢) and a reduction in the cyclic contraction. As mentioned in Introduction (see
Fig. 2), the change in the intensity (amplitude) of the cycle ends with a time delay 7},/2. This fact prompts us
to start managing the prime rate while reaching at(approaching) peak time (#p) to fend off the cycle contrac-
tion. As for the relationship between N(f) and R(?), the transition to a new value N(¢) will occur with some
delay t; concerning the change in the prime rate. Its value can be estimated by comparing the dynamics of
current changes in R(7) and the gross value of private investment. In case of 1, > T;/2, the beginning mo-
ment for the primary rate change should be 7 =7, -7, that is, it should be earlier than the above 7p.

We will proceed from known prime rate R(#,) at the current moment #,. One of the possible variants for
the management strategy may be decreasing the prime rate to the value R(7,) = R(#,)— AR after reaching
the cycle peak. This will increase the value of the income trend by AL while reducing the cycle contraction
by AE. Maintaining sustainable income at moment #r can be formulated, for example, as satisfying the fol-
lowing condition AL +AE=AX .

As above changes of income components are commensurate with the cyclic contraction AX , they consti-
tute small variances of the income function. Therefore, the linear model (5) for the transition from income
to investments can be applied. The investment trend M(7) is a slow changing function, so the maximum
frequency of its spectrum is significantly less than the natural frequency of the cycle f,. From Fig. 2, which
shows the amplitude frequency characteristics A(f), it follows that the economic system gain in this part of
the spectrum can be taken as equal to 1. In this case, we get that AL ~ AM.

Recall that the cyclic values §; correlate with their intensity o, which can be represented as c"; d c,
So, the cycle increment can be written as A = dj AcsQ and for the cycle trough the value d, =€/ csg Con—

sidering expressions (6) and (7), as well as o, = =K _o_, then the sustainable income condmon is reduced to
the following form:

dM (R) s, (R)
dR |R() dR
=AR?(1,)AR+K _(E, /o.)D R (1,)AR.

Thus, for the economic system under consideration, the presence of estimates of 4X,, A, D, K, &T,Gi allows
us to determine the required decrease in the current prime rate as follows:

AX AR?(1,) ~ AX R*(t,)
A+K, (8, /5,) DR (1,) €, k+K, (8, /6, )b,k /3R (1,)

In addition to establishing the above relationship between the increments AR and AX,, the provisions of
the proposed approach are applicable to the conceptual analysis of economic cycles behavior. An example
of such an analysis is carried in the next section.

AX,~AM + K d,o = AR+K d, AR=

R(ry)

AR~

3. THE CURRENT CYCLIC CONTRACTION IN US INCOME

In econometric studies, to quantify the income function X(7) the gross domestic product (GDP), herein-
after G(z), is usually used. Recall that the value of GDP is a monetary estimate of manufactured goods and
provisioned services for a certain penod AT:

G(1)= j t)dt = jk X(t—1)di=G, (1) +g(1)

t—-AT

OKOHOMUKA U MATEMATUYECKUWE METOAbI TtomM59 Ne3 2023



MANAGING THE PRIME RATE 73
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Fig. 4. Real GDP estimates of the US economy Fig. 5. Estimations of GDP deviations

Source: Federal Reserve Economic Data (2023)
(https://fred.stlouisfed.org).

where G;(¥) and g(¢) are the long-term trend and deviations of GDP, respectively. In other words, the GDP
function can be interpreted as the result of measurements of the income function using an estimator, inertial
properties of which are described by the impulse response (/R) function k(T):

I, 0<t<AT;

k(T):{O, 1<0, t>AT.

Let us consider the quarterly GDP estimates G(t) of the US economy for the period 1995—2019 shown in Fig. 4.

In this case, the sampling interval is A = AT ~ 0.25 years. To increase the representativeness (number of
samples) of the empirical data, additional terms were calculated via linear interpolation of quarterly GDP
estimates. Thus, the sampling interval was reduced to Af = AT/2 = 0.125 year, and the number of samples
increased to n = 199 The GDP deviations g, = g(z,) = (At i) in Fig. 5 were calculated following the regres-
sionG,, = 0. 05472 + 57.289i + 7522.289 obtained by the least squares method (Brandt, 2014).

If we proceed to the dimensionless interval of sampling A7 = 1, then the results of the frequency data
analysis will be presented in terms of relative natural frequency 0 <0 < 0.5. Amplitude spectrum A4_(0) shown
in Fig. 6 was determined by the Fourier transform (see, for instance, Cho, 2018) of the deviations g

It should be noted that the mode (peak) of each cycle in Fig. 6 corresponds to the frequen-

cy 0, =,/0; —(h At /2m)?, which is its natural frequency corrected for damping. From the viewed spec-
trogram the estimates (pick coordinates) of the natural frequencies of the cycles are 6 . (04, #0.0093

(T, =4t/ GKW =0.125/0.0093~13.5 years), Gjug ~0.0198 (Tjug ~ 6.3 years) and GKH ~0.0344 (TK” ~ 3 6 years).
The frequency values were determined with a resolution A6 = 0.5/2048 ~ 0.00024.

From the Wiener—Khinchin theorem it follows that the cycle intensity is correlated with the area under
its amplitude spectrum: D22 = IZ'SAg(G)dG. Fig. 6 clearly demonstrates that the Kuznets swing is dominant.

Its trajectory can be formed from GDP deviations g, using a low-pass FIR filter, as suggested in (Karmalita,
2023). The fragment of the trajectory formed in this way is shown in Fig. 7.

Eu0), TS
A
A(6), BS
A 0.8 1
159 Kuznets swi
e uznets swing
10- /Juglar cycle 0.4 -
54 /Kitchin cycle 0 - . . >
200 2008 \ 2012
0 >
0. O O 0.10 —0.44
Fig. 7. Fragment of the recovered trajectory
Fig. 6. The amplitude spectrum of estimates g, of Kuznets swing
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Fig. 8. Trends of natural frequency of cycles O,

The cross-correlation coefficient (Brandt, 2014) of this fragment with deviations of GDP estimates (see
Fig. 5) at the contraction stage is ng ~0.94. It means that the Kuznets swing was a determining factor
=K

of the 2008 recession. In other wordsuz, the latter was mainly due to the dynamics of investments lasting
9—19 years. Therefore, predicting the behavior of income contraction can be reduced to considering the
subsequent behavior of only the Kuznets swing.

Knowing the moment of reaching the last trough of the Kuznets swing and its duration 7 xup» 1L 18 pOssible
to determine the moments of the subsequent peak (7p) and trough (#7). However, due to technological and
managerial progress in the economy, the characteristics (parameters) of economic systems are changing.
As a result, the period of the Kuznets swing in the predicting interval (say, 2020—2027) may be different.
Therefore, the use of the above-defined estimate of T, for forecasting purposes should be justified. So, the
trend of estimates 0 Kz for the period 1960—2020 was analyzed.

To define a sustainable trend in a time series, we need to have at least three of its consecutive values, so
the estimates 6 K WETE determined on a 20-year time base, and their trend is shown in Fig. 8.

As shown in Fig. 8, the value O, grows by 12%. This growth is almost linear in time and manifests itself
in a continuous increase in the frequency of each cycle by an average ~ 2.4%. The relative frequency reso-
lution 36 =A6 /6, ~0.00024 /0.0093=2.6% > 2.4%, which allows us to use the estimate 7, _~ 13.5 years
to predict the time interval of the next contraction in the Kuznets swing. Its last trough (symbol «e» in
Fig. 7) was in the 31 quarter of 2011, so the next peak may be in t,= 2011.75 + 6.75 = 2018.5 (the middle
of 2018). Accordingly, the moment of the predicted trough will be ¢, = 2025.25 (the first half of 2025).

It should be noted that the actual behavior of the cycle is due to both endogenous and exogenous causes.
The latter include investment fluctuations £(f), the manipulation of which leads to a change in the intensity
(amplitude) of the cycle. It follows from expression (7) that a change in R(f) leads to a change in the inten-
sity of the cycle. If, for example, at the stage of cyclic contraction, the prime rate rises, then the trough of
the cycle would fall lower. And the delay between investments and income (see Fig. 2) will postpone the
achievement of a new trough for the future. Such a cycle metamorphosis can be illustrated by the exam-
ple of one component of the Kuznets swing — its modal harmonic §, (1)=4 R( €08 2n fi.(t —tp). Recall
that at this frequency, the time delay between investments and income is a quarter of the period, that is,
Tuz = L uz/4 = 3.375 year.

As you know, the prime rate was reduced to 3.25% on March 16, 2020, and did not change until
March 17, 2022 (Fig. 9).

Considering the value of t,., the amplitude 45 ,5 of the Kuznets modal harmonic stabilizes in the third
quarter of 2023, remaining unchanged at the through moment (Fig. 10).
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Ske)
A

Fig. 10. Metamorphosis of the Kuznets harmonic
due to the growth of the prime rate

The first increase in the primary rate in 2022 to 3.5% (see Fig. 9) will lead to a change in the amplitude
Apq in the third quarter of 2025 (symbol «e» in Fig. 10). This and subsequent changes in the harmonic tra-

jectory are estimated as S, (1) = A, ,.\/R(r)/3.25cos2nf,, (¢ ).

4. CONCLUSIONS

Representing investments as the sum of a deterministic trend and their fluctuations in the form of white
noise made it possible to establish a functional relationship between these components and the prime rate.
For a deterministic trend, this dependence is inversely proportional, and for investment fluctuations, it is
the square root of the rate. In other words, a change in the rate affects the values of investment components
in opposite directions.

The cycle model in the form of random oscillations of an elastic system under the influence of white
noise provided an approach to quantify the variation of the prime rate according to the desired change in
income. The feasibility of the proposed approach is demonstrated by parrying the cycle income contraction.

Since the considered approach is based on the most probable cycle trajectory, the resulting expressions
will also provide the most likely estimates.
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Ynpasienue 0a30BOii CTABKOiH C IeJbI0 MPOTHBOAECHCTBUA HUKJINYECKOMY
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Annoranus. B crathe mpenyaraercs moaxon K popmManuzanny KOJIUYECTBEHHON 3aBUCUMOCTU
MexXay 0a30BOIi CTaBKOI M BapMaIlUSIMM 10X0da, 0a3UpPYIONMINIiCS Ha CTOXaCTUYECKOM OIMCAaHUU
WHBECTULIMI. YCTAaHOBJIEHUE 3TOI 3aBUCUMOCTH 00eCeurBaeT BO3MOXHOCTb YIPAaBICHUS 1OXOAaMU
B COOTBETCTBUU C IMPUHSITHIM lieJieTiojlaraHueM. B yacTHOCTH, paccMaTpuBaeTcst TpuMep MpeoIoJIeHUST
IIUKJIMYECKOTO CXaTUSI JI0XO0a C COOTBETCTBYIOIINM M3MEeHeHUEM 0a30Boit ctaBku. [IpemnoxeHa
CcTpaTerus yrnpaBJeHHUs JOXOIaMU, B OCHOBE KOTOPOW JIEXKUT yCTaHOBIEHHass (DYHKIIMOHAbHas
CBSI3b MEXIY COCTABJISIOIIMMU MHBECTUIIMN U Oa3oBoii ctaBkoii. [lokazaHo, yTo Mpu oO6paTHO
MPONOPUUOHAIBHON 3aBUCUMOCTH JOJTOCPOYHOTO TPEHIA WHBECTULIMIA OT 3HAYEHUI CTaBKH,
TPaeKTOPUSI IIMKJIA 3aBUCUT Yepe3 KOPeHb KBaJpaTHbIit ee 3HaueHus1. [1oaToMy nameHeHue 6a30Boit
CTaBKU MPUBOIUT K pa3HOHAMpPAaBJIEHHBIM pe3yJibTaTaM B 3HaUEHUSIX TPEH/Ia U TPAeKTOPUM LIMKIIA.
DTOT hakT MOCTYKUJI OCHOBOI JIJIs1 pa3pabOTKU aIfOPUTMA MPEOAOTCHUS LIMKINIECKOTO CHUKEHUS
noxomoB. Mopenb IMKJa B BUIE CIyJaifHbIX KoJieOaHUi yIIpyroit CUCTEMBI TIO1 IeiicTBUEM OeJIoro
1IIymMa Mo3BOJInJIa TIOJIyYUTh KOJTMYECTBEHHYIO OLIEHKY Bapraliuu 0a30BOil CTaBKU, 00ecTieYnBatonIeii
TpebyemMoe u3MeHEeHUe BEIMUUHBI 1oxoaa. [10CKOoIbKY paccCMOTpeHHBI TOIX0 OCHOBAH Ha Haubosiee
BEpPOSITHOW TPAEKTOPUM LMKJIA, TO MOJTYYEHHbIE BbIpaXEeHUS OyayT MPUBOAUTH U K Haubosee
BEPOSITHBIM OllcHKaM. BO3MOXHOCTb MPUMEHSITH MpeiaraeMblii MOAX0/ K aHAIM3Y TTOBENEeHUS 1IMKJIa
MPOIEMOHCTPUPOBAH HA TIPUMEpe TEKYIIMX OTKJIOHeHU# noxonoB CLIIA.
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