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JLitst TOrO 9TOOBI COBOKYITHOCTH OTITMOHOB C Pa3IMYHBIMH IIEHAMH MCTIOJHEHHS Ha OJMH 0a30BHIi
aKTUB HE coleprkaja apOUTpaXHBIX BO3MOXKHOCTCH (T.e. M3BIICUCHUS TOJOKHUTEIHHON MPUOBLIN
MIpY HYJIEBBIX BIOKEHUSX KalUTajla U OTCYTCTBHM PUCKA TIOTEPH), X PHIHOYHBIE IEHBI B KaXK IbIH
MOMEHT BPEMCHH JIOJDKHBI YIIOBJIETBOPSTH ONPECICHHBIM COOTHOIICHUSIM. MI3BECTHBI HEKOTOPHIC
COOTHOIIIEHUS TaKOTO THIIAa — MOHOTOHHOCTb, JTUMIINIIEBOCTD, BBITYKIIOCTh, — SIBIISIONINECS CIIE-
cTBHEM TpeboBaHMs O6e3apOuTpaxuocTu. B paboTe nomayueH moaHbI 1 HE3aBUCUMBIA HaOOp KOH-
CTPYKTHBHO MPOBEPSIEMBIX COOTHOIIIEHUH THTIA BBITYKJIOCTH JIJIS II€H OMIIUOHOB, MPECTABIIS IO
HEO0OXOIMMOE U JOCTATOYHOE YCIIOBUE OTCYTCTBHs apOuTpaxka. i Joka3areabcTBa OCHOBHOIO
pesyibpTaTa moTpedoBaock chOpMyITHPOBATh U JI0Ka3aTh CICHUANBHBIN BapHaHT JeMMbl dapka-
ma. Konctpykums pomyckaer o0o0IIeHHEe Ha JCPUBATUBBI, 3aBUCSIINE OT HECKOJIBKUX 0a30BBIX
aKTHBOB W/MJIM UMEIOIIME TPOU3BOJIbHBIE KYCOUHO-JIMHEWHbIE Tpoduin BeImar. s 3Toro cirydas
JI0OKA3aHO, YTO BCErJa MMEETCSI BO3MOKHOCTh BHIOpATh KOHEUHOE YHCIIO XaPAKTEPUCTHK HOPTQest
OTII[OHOB, MO KOTOPBIM MOXKHO OBLIO OBI CYIHTH O TOM, SIBIISIETCS JIU OH apOUTPAIKHBIM.

KuroueBble cjioBa: OMIIUOH; Oe3apOUTpaxkHOe [IEHOOOPa30BaHUE, BEITYKIOCTb.
Kaaceudpukamus JEL: G13.

BBEJEHUE

W3yueHnro cBOMCTB MOHOTOHHOCTH, BBIITYKJIOCTH M TPaHHUII [IEH ONIIMOHOB, PACCMATPHBAEMBIX KaK
(GyHKIUS KaXJIOTO U3 CBOMX IIITH apryMEHTOB, ITOCBSIICHA 3HAUYUTENbHAs JHUTepaTypa. Tak, Hampu-
Mmep, B (Kijima, 2002) B paMKkax HEKOTOPBIX MoJieNiel JJ1s 1leHbl 0a30BOT0 aKTHBA J0Ka3aHbl CBOWCTBA
BBIMYKJIOCTH KaK (PyHKIMH MCXOAHOM LIEHbI 0a30BOr0 aKTHBAa M MOHOTOHHOCTH — KaK ()yHKLIMH BOJIa-
THIIHHOCTH.

[IpenMeToM paccMOTpeHHUS B HACTOAIIEH paboTe SBISETCS 3aBUCUMOCTH LIEHBI ONIIHOHA OT CTpaiika
IIPH PaBHBIX U (UKCHPOBAHHBIX MPOYMX apryMeHTaX. B kimaccmdeckux paboTax, MOCBSIIEHHBIX 3TOM
3agaue (Merton, 1973, Theorems 4-5; Cox, Rubinstein, 1985, § 4-1, Proposition 2; Xamn, 2014; JTioy,
2010), B cuTyauuu OTCyTCTBHS apOUTpaka ObLIH MOTYUYCHBI CICTYIOIINE COOTHOIICHUS:

— MOHOTOHHOCTB (Y6BIBaHI/Ie AJIs1 OIIITMOHOB KOJIUI M BO3pacTaHUEC AJIs1 ONIIITMOHOB l'IyT);

I%

— JUIIIHICBOCTH C KOHCTaQHTOH €~ r JJIL CJiy4dast yIIaTbl IIPEMUHA Uup front u SIUHULICH IJIs1 Mmap-

JKHUPYCEMBIX OIIIIMOHOB;
— BBIIIYKJIOCTb.

B mHOTrOuUnCneHHBIX paboTax B Pa3iIMYHBIX MOCTAHOBKAX PACCMaTPUBAIMCH 3aJayd MOJIYYCHUS
WHTEPBAJIOB JUIA I[€H OMNIIMOHOB M CBsA3aHHBIX ¢ HUMU BenwuuH. B (Karatzas, Kou, 1996) u B uact-
HBIX “TTOJIyMOZAENBHBIX” TPEANoNOKeHusX (Hampumep, B padote (Perrakis, Ryan, 1984)) 6pu1 momy-
YeH CIeAyIOMui pe3ynpTaTr. Eciau pelHOK OTIMYaeTcsi OT MAEaJbHOI0, pacCMaTPpUBAEMOIO B MOJAENHU
Bbmka—Illoyn3a—MeproHa, HaTU4YHEeM HEKOTOPBHIX OTPAHUYCHHUI Ha Oonepamnuu ¢ 0a30BBIMH aKTHBaMHU
(HEeBO3MOXHOCTh 3aMMCTBOBAaHUS, 3alpeT MPOAaK 0¢3 MOKPBITHS U 1p.), TO A OTACIBHOTO ONMIMOHA
BO3HUKaeT 0e3apOUTpaKHBIM HHTEPBAJ LIE€H, TaK YTO J000€ 3HaUE€HHE LIEHbI BHE €T0 OpOXKAaeT apOuT-
pakHbIE BO3MOXHOCTH, a JIF000€ 3HaYeHHE BHYTPH HETO — HE MOPOXKIAET.

B (King, Koivu, Pennanen, 2005; Bain, 2011) meTogamMu BBIIYKJIOW ONTUMHU3AINY peniaeTcs 3aja-
ya onpeneieHus 6e3apoutpakHoro (6e3 MoJeIbHBIX MPEANOI0XKCHU) UHTEPBaia AJis [ICHbl OMIKOHA
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IpH 3aJaHHBIX LIeHe 0a30BOr0 aKTHBAa W HECKOJBKUX ONIIMOHOB C APYrMMHU cTpaiikamu. B paGorax
(Wang, Yin, Qi, 2004; Fengler, 2009) npeyioxeHbl, COOTBETCTBEHHO, METOBI HHTEPIIOISAIUN KPUBOM
BOJIATUJILHOCTU W CIVI&XKMBAHUSI TOBEPXHOCTU BONATWIBHOCTH (a 3aTeM, uepe3 mojenb biska—Illoyn-
3a—MepToHa, M caMHX IICH OINIIMOHOB) C COONIOACHUEM yCIIOBUH OTCYTCTBHs apOuTpaxa. B (Bassett,
1997) uccnenoBanock, B KAKUX IpaHULAX MOXKET BapbUPOBATHCS PUCK-HEUTPAIBHOE paclpeiencHue
Oymyuieil 1ieHsl 0a30BOr0 aKTHBA MPHU JAaHHOMW (0e3apOUTpaKHON) CTPYKType LIEH OMIIMOHOB B 3aBUCH-
MOCTH OT CTpaiKa.

B nmanHoM kpyre Tem MpencTaBlISeT WHTEpeC MOITHOE OMHCaHuEe BceX 0e3apOUTpakKHBIX COOTHO-
HIEHUH MEXAy LeHaMH OMUKOHOB C Pa3jiU4YHbIMHU CTpalikamMu. B Takoli mOCTaHOBKe, U Jaxe B 4acTH
OTIpeICIICHUS YHCIIa TAKUX HE3aBUCHUMBIX COOTHOIICHUH, BOIIPOC, HACKOIBKO N3BECTHO aBTOPY, HE pac-
CMaTpHUBaCs.

B Hacrosmieit paboTe, ¢ HCIIONIB30BAHUEM aNIapaTa BHITYKJIOr0 aHalu3a, ObLIO MOIYYeHO pelIeHHE
9TOM 3a/1aun ¢ 000OLICHUAMH Ha APYTHUC THITBI TIPOU3BOAHBIX HHCTPYMEHTOB.

JlanHas paboTa MpoIoKAET MCCISJOBaHUS aBTOpa 10 BOIpocaM 0e3MOEIbHOTO [eHO00pa3oBa-
Hus nepuBatuBoB (Kypoukun, 2005, 2014).

1. TIOJTHBIA HABOP BE3APBUTPAJKHBIX COOTHOIIEHUI
JUIA HEH OIIIMOHOB C PA3JIMYHBIMU CTPAMKAMMU

[lycte umeeTcs » onuMoHOB co crpaiikamu K, ..., K, (K, <...<K,) u cpokom ucnoiHeHus T
Ha HEKOTOPbIH (nHAHCOBBIN akTHB S. B cuny coorHomenwuii myr-komn napurera (Put-Call Parity) no-
CTAaTOYHO paccMaTPUBATh TOJILKO OMIMOHBI KoM, [Tockonbky B (Xamn, 2014) nokazaHo, 4TO pa3ianduc
MEXAY ONMLUUOHAMU KOJIJI EBPONEICKOro 1 aMEpPUKaHCKOTO TUIIOB HE OTPA)XaeTcs Ha UX LeHooOpa3oBa-
HUH, B IaHHOM CJTy4ae KOHCTPYKIUSI OTHOCUTCS K 0OOMM THIIaM.

O6o3nauum uepe3 C,(i=1, ..., n):
1) BenmMuuHBI e_rTcl-, IIe ¢; — IPEeMUs 32 COOTBETCTBYIOIIMH ONIUOH, ¥ — O€3pUCKOBas CTaBKa, AJs
CiTydasi yIiatel mpemMuu up front;

2) eHBI OMIIMOHOB, IS CITydas OMpPIKEBBIX MapKUPYEMbIX ONIIMOHOB. Torna (MHAHCOBEBIN pe3yiib-
TaT 110 OMIMOHY I MIOJTHOCTHIO XapakTepu3yeTcs QyHKIMEH BRITUTAT HA MOMEHT BpeMeHH 7' B 3aBHCHMO-
CTH OT LIeHBI S 6a30BOTO aKTHUBA B 3TOT XK€ MOMEHT:

fi(S7) = max(Sy - K;,0) - C;. (D
HaJ'II/I‘-II/Ie/OTCYTCTBI/Ie ap6HTpa>1<a 3KBUBAJICHTHO CYH_ICCTBOBaHI/IIO/HeCymeCTBOBaHI/IIO Ha60pa BE-
IIE€CTBCHHLIX YUCECII X, ..., X,, TAKHUX, YTO BbIIIOJJHEHbI COOTHOIICHUA
n n
VS x,fi(8)=0; 38 D x,£(S) > 0. (2)

i=1 i=1

Kpurepun takoro pona omucekiBatorcs gemmont dapkamra (Pokademnap, 1973, § 22; Roos, 2009;
Jeyakumar, 2009; JImutpyk, 2012) u pa3IMuHBIMU €€ CISACTBUAMH. ABTOPY HE yIaJIOCh HAWTH B JIU-
Teparype BapHuaHT JIEMMbI, KOTOPBIH OBl TOYHO MOAXOMUI K TaHHOU 3amade. [losTomy, HE mpeTeH Iy Ha
HOBH3HY, ChOpMyITUpyeM clielyIoliee YTBepKASHUE (I0Ka3aTeIbCTBA 3TOTO M JPYTUX BCIIOMOTATEIb-
HbIX YTBEpXKAEHUH npuBeaeHsl B [Ipunoxenun).

Jlemma 1. ITycme koneunoe cemeiicmeo nuneiinvix gyukyuonanos v, ..., U, Ha npocmpancmee R”"
obnaoaem cnedyrwum ceoticmeom: ecau ona x € R" ;(x)>0, j=1,...,m, mo x = 0. Tozoa cywecm-

m
8YIOM NONONHCUMENbHBLE YUCHa O, ] = 1, ..., m makue, umo ZOlelrj =0.
j=1
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HpnMeanne. O6paTHOC YTBEPKACHUEC BEPHO IPU JONOJIHUTCIIBHOM NMPCAIIOIOXKEHUHN, UYTO CUCTC-

ma {{;} ;- _, ToTampHa, T.e. u3 U;(x) =0, j=1,..., m cnexyer x = 0.

[Iposepky ycnosuii (2) ans S € (0, oo) HE0OXOAUMO 3aMEHUTh KOHCTPYKTHBHO MIPOBEPSEMBIM KPH-
TEpHEM, BHJI KOTOPOTO, OYEBHIHO, Oy/IET 3aBUCETh OT KOHKPETHOTO BUAA (PyHKIUI BBIMIAT.

Jlemma 2. [{na ¢hynxyuii esinnam (1) nepsoe ycnosue 6 (2) 3kgu8aneHmuo ycioguio

n n
Vi=lon D fi(K)=0; D x>0, 3)
i=1 i=1
8MoOpoe YCiogue — momy, umo cpedu Hepagercms (3) xoms 661 00HO cmpozoe.
Hns coxpanienus 3anucu o6o3nauum 7, =K, —K;, i=1,...,n—1.
W3 nemm 1-2 caenyert, uto kputepueM 6e3apobutpaxxHoctu cemeiictsa 1ieH {C;} ABIseTcs CylecT-
BOBaHUE MOJOXKUTENBHOTO (T.€. co Bcemu z;> 0,i =1, ..., n+1) penieHuss TMHEHHON CUCTEMBI:
n—1
~C, —Cy+hy —Cy+hy+hy .. —C+D h 1|( 2
i-1 0
n—1 %2 0
_Cz _C2 _C2+h2 e _C2+Zhl 1 AP . (4)
Py
Zn O
Zp+1
-C, -C, -C, -C, 1

[Monaras, 6e3 orpaHndeHNs OOMIHOCTH, Z,,; = |, MOJYYHAM SKBUBAJICHTHOE yCIIOBHE CYIICCTBOBAHHS
MOJOKUTENBHOTO PEMIEHNS Y CUCTEMBI

n—1
~Cy —Cy+hy —Cy+hy+hy .. —Ci+ Dk
i=1 zZ -1
n-1 Z, -1
-C, -G, ~Cythy o —Cyt DNy =[ | (5)
mrail | DO I
z, -1
_Cn _Cn _Cn _Cn

W3 nocneanero ypaBHEHHUsI CUCTEMEI (4) CaeayeT, 4TO HEOOXOAUMBIM yCIIOBUEM OTCYTCTBUS apOuTpaxa
SIBJISIETCSA

¢,>0, (6)

HMECT MECTO ClJIeAyromias jieMma.

Jlemma 3. Onpedenumens mampuysr cucmemut (5) pasen
n—1
-D"c, ] ]n. (7)
i=1

Taxum 006pa3zom, pH BEITIOTHECHUH HEOOXOAMMOTO YCI0BHS (6) cucTeMa (5) UMeeT, ¥ IPUTOM €/THH-
CTBEHHOE, peLICHHE, KOTOPOE MOXKHO 3anucarh no npasuiny Kpamepa. CiaenoBaTtenbHo, Al NIPOBEPKH
OTCYTCTBHUSI apOuTpaxa HEoOXOOUMO M AOCTATOYHO BBIMMCATh BBIPAKCHUS IJISi COOTBETCTBYIOLIMX
ONpeAeIUTENEH U yCIIOBUS UX 3HAKOONPEENIeHHOCTH B TepMuHax {C,}.

O603naunm uepe3 A, k=1, ..., n onpeaenuTesb MaTpuilbl cUCTEMBI (5), B KOTOpOi cronber k
3aMEHEH Ha cTon0el U3 NpaBol 4acTu.
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JlemmMma 4.
-1
A= (D)"=C+h+C)] h, (8)
j=2
n-1
A= D" [T [Cooi/he = CoUhy + Uh)+Cay Iy, k=2, oin—1, 9)
j=1
n-2
A= (1D)NC, -] ;. (10)
j=1

U3 cootHomenuii (6)—(10) cnemyeT OCHOBHOM pe3ynbTar s “BaHUIbHBIX OMIIMOHOB.

Teopema 1. [{na omcymcmeus apoumpasxcHvlx 803MO*CHOCMEU HE0OX00UMO U OOCAMOYHO, YMO-

661 yenvt onyuonos Cy, ..., C, y0081emeopsiu cOOMHOULEHUAM
C,>0,
Ci<Cythy, (11)
hCooy— (e +h)Crt+h_Criy >0, k=2,..,n-1, (12)
cC,_..>C,. (13)

B ciioBecHOM BBIpaXKeHHH COOTHOWIEHHE (6) — 3TO MOJOKUTEIBHOCTh HA MMPABOM Kparo JUanaso-
Ha cTpaikoB, (13) — MOHOTOHHOCTbH Ha MPaBOM Kparw, (12) — BBIMYKIOCTh BO BCEX MPOMEKYTOUHBIX
Toukax, (11) — AMMIIKIIEBOCTE HA JIEBOM Kpalo Auana3oHa. OTCIoa CTaHJAPTHBIMU MAHUITYJISLUSIMHU C
HEPaBEHCTBAMH MOKHO TOJYYUTh IOJIOKHUTEIbHOCTh, MOHOTOHHOCTD H JHITIIUIIEBOCTh Ha BCEM JHa-
Ma30HE CTPANKOB.

OO6mree uncio cootHoutenuit (6), (11)—(13) paBuo n + 1. 'eomeTprdecku MHOXKECTBO, Bbljelse-
MO€ 3THMHU COOTHOIICHHUSAMHM B npocTpaHctse eH Cy, ..., C,, TpeacTaBiseT n-MepHbI 0000IIEeHHBIH
cumiuiekc B cmbiciae (Pokademmap, 1973, § 17), BepmumHaMu KOTOPOTO SBISIOTCA # TOYEK H OJHO Ha-
MpaBJICHHUE.

Taxum oGpa3oM, TeopeMa | B yacTu HEOOXOAUMOCTH NMPUBOIUT K U3BECTHBIM COOTHOIIEHUSAM, a
B YaCTH JOCTAaTOYHOCTH SIBJSAETCSI HETPUBHAJIBHOM M JAET MOJHBIA HaOOp HE3aBUCUMBIX YyCJIOBUIl Ha
[EHBI ONINOHOB, TAPAHTUPYIOMINH OTCYTCTBHE apOUTPaKHBIX BOSMOKHOCTEH.

Ananu3 ueH onuroHoB Ha MockoBckoii oupxxe (MockoBckas Oupxa, 2015), perynsapHo npoBoau-
MBI aBTOPOM, IOKa3bIBaeT, uTo cooTHomeHus (11)—(13), ¢ yuerom 6ua-ack crps10B, BBIIOIHIIOTCS
NpaKTHYECKH Bceraa. Bo3Hukaromye eTmHNYHbIC HECOOTBETCTBUS Cpa3y e (4acToTa OOHOBJICHUS OT-
KPBITHIX JAHHBIX — 1 pa3 B 5 CEKyHJ) yCTPAHSIOTCS pOOOTAMH.

2. OBOBIIEHUA

N3noxenHas B paza. 1 KOHCTPYKLUS MOXKET ObITh IPUMEHEHA K APYrUM TUIlaM AcepuBatuBoB. Ha-
IpUMeEp, pacCMOTPUM OHHApHBIE ONIMOHBI, (PYHKIMH BBIILUIAT KOTOPBIX (37ech U Aanee (QyHKUMHU f;
paccMatpuBaroTcs 0e3 yuera 1eH {C;}) UMEIOT BUJ

fisn={ =t (14)
L8, > K
Toraa ananorom geMMsbl 2 OyAeT cieayrouas JeMma.

Jlemma 2'. /lna ¢ynxyuii eeinnam (14), ¢ yuemom {C,}, nepsoe ycnosue 6 (2) skeusaneHmno ycio-
8UI0

k n
Dxi= D Ciz0  Vk=0, ..., m (15)

i=1 i=1
8mMopoe yciosue — momy, umo cpeou Hepagercms (15) xoms 661 00HO cmpozoe.
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Amnanorom cuctemsl (4) Oyzmet cuctema

Z
—C, —C 1 .. —Cy 1 0
zZ
—C, —Cy ... —CyH1|]| 7 0
L= (4"
e
-Cc, -C, .. -C,+1 0
Zn+l

AHanu3 3HaKOB ONpEICIUTENCH, aHATOTHYHBINH NPOJICTIAHHOMY B JIeMMax 3—4, MPUBOJUT K CICAYIOIIC-
MY pE3yJbTaTy.
Teopema 1'. /[lna omcymemeus apoumpax;cHvlx 803MONCHOCMEN HE0OX00UMO U 00CMAMOUYHO,

ymoobwl yeuvl bunapuwvix onyuonos C, ..., C, co cmpaiikamu K, < ... <K, yooeremeopsiiu coomHo-
ULCHUAM.

1>C,>...>C,>0. (16)

MmuoxectBo (16), kak u mHOXecTBO (6), (11)—(13), mpeacTaBisieT CUMIUIEKC B IPOCTPAHCTBE LEH.
Kak u panee, yTBepkIeHnEe HETPUBHAIBHO B YaCTH JJOCTATOYHOCTH: JIF0O0€E JTOMOTHUTEIIEHOE YCIIOBUE
Ha C|, ..., C,, He sBIAIOIIEeCs CIEeICTBUEM yCIOBHM (16), MOXKET HapyIIaThCS IPU BBIOOPE MOAXOIS-
el pUCK-HEUTpalbHON Mephl 0€3 HapyLIeHUs yCIOBHil 6€3apOUTPakHOCTH.

IIpencraBnser WHTEpeC BO3MOXKHOCTH NajhbHEWIIEro OOOOIICHUS pPEe3yabTaTOB M KOHCTPYKIUH
C KOHKPETHBIX TUIOB OMIIMOHOB Ha J€PUBATHBEI, IO BO3MOXXHOCTH, TPOU3BOJBHOTO YCTPOCTBA. MMme-
IOTCS B BHJIY KaK pa3jIMvHBIC, OoJjiee CI0XKHBIC, MPO(UIN BBITUIAT, TAK U CIydaid 3aBUCHUMOCTH JICpHU-
BaTWBA OT HECKOJIBKUX 0a30BBIX aKTUBOB. [IpakTrdecku BaXXKHBIMH, B YaCTHOCTH, SBIISIIOTCS OIMIIMOHBI
“pamyra” (“mo myumemy”, “mo xymamemy”’) (lamum, 1998, tn. 11), modydmBIMe B MOCIEIHEE BpeMs
OOJIBIITYFO MOMYJIAPHOCTD B KAUECTBE BCTPOCHHBIX B CTPYKTYPHBIC MTPOTYKTHI, & TAK)KE CIP3-OMIIHOHEI,
ONIIMOHBI KBAHTO H JIP.

B oOmem citydae, mycTh UMeEETCS 7 JSPUBATHBOB €BPOIEHCKOTO THIA C MPOU3BOIBHBIMU (YHK-
uusMu Bbiiar f;(S,, ..., S,), i =1, ..., n (063 y4eTa UEHBI I€PUBATHBA), 3ABUCALINMH OT IIEH 6a30BbBIX
aKTUBOB S, ..., S,, p>1 (cpeaun aKruBoB J; MOTYT OBITb HE TOJIBKO OILIMOHBI, HO Takxe (brouepcsl/
(dhopBapabl, 6a30BbIC AKTUBbBI, OC3PUCKOBBII aKTHUB U T.].).

OGosnauum yepes U; 061acTh BO3MOXKHBIX 3HAUCHMI LCHBI 0A30BOr0O aKkTHBA j (B 4aCTHOCTH, pa-
Hee Obuio U, = RY. HyCTL kak u paHee, Cy, ..., C, — LIcHbl ACPUBATUBOB, IPUBEACHHBIC K MOMEHTY
VCTIOJTHEHM S, C= (Cy,...,C)", CeR". Hanuuue/oTcyTcTBHE apOUTpaka Kak yCJIOBHUE Ha BEKTOP C
MOXET OBITh BBIPa)KEHO Yepe3 CBOMCTBA MapasuleIbHbIX CIBUIOB MHOXECTBA 3HAYCHUI 0TOOpaxeHUs

H f;- O6o3naunm
i=1

Q= {(fl(Sl, 8 s fo(Spy e SY) 1S, €U =1, ...,p}. (17)

[MepBas pynnameHTanpHas TeopeMa oueHkH (prHaHCOBBIX akTHBOB (FTAP-1, cMm. (ITarmxep, 2005;
®ennmep, [Iug, 2008)) MokeT OBITH SIKBHUBAJICHTHO MepeopMyaTupoBaHa CICIYIONUAM 00pa3oM.

Teopema 2. B cihopmynuposannvix gvluie yCa08uUsx sk OMCYMCmeus apoumpaicHblX 603MONCHO-

cmetl Heobdxo00umMo u docmamouno, ymobslt mouxka C Ovina omnocumenvro gHympennei mouxoiu (Poxa-
Gennap, 1973, § 6) sbinyknoii obonouxu muodxcecmea §Q.

HoxaszatenscTBo. U3 onpenencHus apoutpaxa ciaeayeT, YTO OH IPUCYTCTBYET TOTIA U TOJIBKO
TOI/IA, KOrja MHOXKECTBO £ — C MoxeT GbITb COBCTBEHHO (T.e. KaK B TEOpEME OTICIMMOCTHU U3 pas3il. 4,
cm. takxke (Pokademnnap, 1973, § 11)) oraeneHo ot Hys nuHelHbIM pyHKIHOHAIOM. [TycTh conv(Q) —
BhIMyKJIas 00o0uka MHOkecTBa Q. Kak nokasano B (Pokadennap, 1973, reopema 11.1), cobcTBeHHas
OTJEJIIMMOCTb OT HYJISl MHOXKECTBA M €ro BbINYKJIOH 0007104KH (a TaKKe M 3aMKHYTOH BbIMyKJI0il 000-
JIOYKH, YTO MOHAJIO0UTCS 1ajiee) SKBUBAJICHTHBI. Y TBEPKJICHUE TeopeMbl Teneph cienyeT u3 (Poxaden-
nap, 1973, treopema 11.3).
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JIJ1s MOJTHOCTRIO TIPOU3BOJILHOTO £ BOMPOC 0 KOHCTPYKTHBHOM TPOBEPKE YCIOBHH TEOPEMBI 2, 1O
BCCH BUIUMOCTH, HE MMECT aJTOPUTMUYCCKOTO pemeHus. [IpeamMeTom ucciaenoBaHuil B 00JaCTH BBI-
YUCIUTEIHPHON TCOMETPHUH SBISIOTCA OLUEHKH aJITOPUTMHYCCKON CIOKHOCTH TOCTPOCHHS BBITYKIIOH
0001109k Koneunot cucteMbl Touek B R” (Berg et al., 2008, Chapter 11). Takum 06paszom, AJst TOTO
9TOOBI CBECTH 3a7a4y K JMHEHHO-aIreOpandeckoi, B paMKax OMMCAaHHON KOHCTPYKIIUH KITFOUECBYIO POITh
UTpaeT BO3MOXHOCTh BBIOpaTh KOHEYHOE YHCIO MPOOHBIX XapaKTEPUCTHUK MOPTQENIs OMIMOHOB, IO
KOTOPBIM MOXHO OBLTO OBI CYIUTH O TOM, apOMTPaKHBIM OH MW HEeT. Beitie TakuMu HabopamMu OBLITH:
111 OOBIYHBIX ONIMOHOB — 3HAUSHUS TOpTdes s S;, PaBHBIX CTpaiikaM, U CyMMapHbIi HAaKJIOH IIPo-
¢bwis BHIIUIAT HAa OECKOHEYHOCTH; Uil OMHAPHBIX ONIIMOHOB — 3HAYCHUS MOPTens A1l S; MEHBIIETO,
YyeM HaWUMEHBIINH M3 CTPAWKOB, B IMPOMEKXYTKAX MEXAY CTpaKaMu, U OONBILIEro, 4eM HanOONbIINH
U3 cTpaiikoB. B 00I1ieM ciaydae, OTBET Ha BOIPOC O TOM, BCETMA JIM B MHOKeCTBe ) MOKHO BHIOparh
KOHEYHOE YUCIIO TPOOHBIX TOUEK, OTPHUIIATEIICH.

IMpumep. [lycts p = 1, n =2, 0 < S,(= S) <o, £,(S) = S, £,(S) = S*. KakoBbl Obl HU OBUIH TOUKH
S1, ...5xy € R', 0THETHMOCTb OT HyJIs HEKOTOPOTO MapaJIENLHOr0 CABHra MHOXKeCTBa {(s, s7): s € R™}
HE MOXET OBITh TapaHTUPOBAaHA OTAEIMMOCTBHIO OT HYJS COOTBETCTBYIOIIETO CIBHTa MHOXECTBA
{(si, s, k=1, ..., N}. UT0GbI yOeUThCS B 3TOM, JOCTATOUHO MPOBECTH XOPAY Yepe3 JBe JI06bIe co-
cellHre TOYKH Ha mapabore.

OZ[HaKO B [TPAKTUYCCKHU BAXHBIX ClIydasaX, B TOM YHUCJIC BO BCCX PACCMOTPCHHBIX oo YHOOMAHYTBIX
BBIIIC, MHOXXECTBO Q 06J1az[aeT CHEMAIbLHBIM CBOMCTBOM.

Jlemma 5. IIycmob obnacme onpedenenus W, C RY kaxcooeo uz omobpascenuii f, i = 1,...,n, mo-
aicem Obimob pazouma 2unepnIoCKOCMAMY HA KOHEYHOe Yucio nooooracmetl V., maxkum o6pasom, 4mo
cyoicenue na kascooe u3 V,, coomeemcmeyiouye2o omobpaoicenus f; 6yoem aqbqbuHHblM Tocoa 3amxHy-

mas 8bINYK1Asi 00010UKA Q muoocecmaa L asnsemess nonusdpanvivim muodcecmsom ¢ R" (Pokagen-
aap, 1973, § 19), m.e. modcem Ovimv npedcmasieno Kaxk nepeceuene KOHeUH020 YUCIA 3aMKHYMbIX
NONYRPOCMPAHCME.

B cuny (Pokadennap, 1973, Teopema 6.3) oTHOCUTENIbHAS BHYTPECHHOCTH BBIIIYKJIOIO MHOXKECTBA U
€ro 3aMblKaHMs COBNAJIAIOT, HO3TOMY NEPEXO K 3aMbIKAaHUIO HE MEHSAET KpUuTepus 0e3apOUTpaKHOCTH
B Teopeme 2. Be3 orpanunvenus oOuHOCTH OyaeM cunuTarh, 4to £ (1, Clie10BaTeNbHO, Q) AMEeT NoJ-

Hy10 ap(UHHYIO Pa3MEPHOCTD # — NHA4Ye JCPUBATUBSI SIBISIIOTCSA JTMHEHHO 3aBUCUMBIMU U PA3MEPHOCTD
3anaun MokHO noHU3uTh (Pokadennap, 1973, c. 60). Torna 11 npoBEpKH YCIOBUN TEOPEMBbI 2 MOXKHO
MCIOJIb30BATh MPOCTON KOHCTPYKTUBHBIN KpUTEpUH COOCTBEHHOM OTACAMMOCTH MOJIUIAPATbHOTO MHO-
JKECTBA OT HYJIS.

Jlemma 6. ITycmo mnoxcecmeo M ¢ R" umeem 6uo

M= () xg()<hy, (18)

=1..q

20e g, — nunetinvle gynkyuonanvt, h; € R u umeem appunnyio pasmeprnocmo n. Tozoa, ecau M mosicem
Oblmb cOOCMeeHHo Omoeneno om Hyus, Imo oenaem oOuH u3 QyHKYuoHanos g,.

->

OKOHYATeNbHO ANTOPUTM IPOBEpPKU Oe3apOuTpakHOCTH BekTopa 1ieH C CBOOUTCS K Clledyromei
II0CJIEZIOBATEIbHOCTH JEHCTBUI.

Teopema 3. Hycmb 0ano cemelicmeo 0epusamueos f, yoosiemeopsaioujee YCi08UIM 1eMmbl 5 ¢
6€KMOPOM YeH C. Pacmompum coomeemcmeyiougee muosicecmso Q us (17), €20 3aMKHYmyIO 6bInyKIYVIO
000104Ky Q u ee npedcmasaenue 6 euoe (18). Bexkmop yen C sensemes be3apoumpasiCHvIM 8 Mmom u

MOILKO MOM CAydae, eciiu OH npu NOOCMAHOBKE BMECHO X YO081emMEOPSAem CMPO2UM 8APUAHINAM 6CEX
HepageHcms (18).
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IIPH/IOKEHUE

JTOKA3ATEJIbCTBA BCIIOMOI'ATEJIbHBIX YTBEP}KI[EHI/Iﬁ
JokaszaTteabcTBo Jemmbl 1. ITycte Q = al, a,>0 Vji=1,...,m;. Ilpernonoxum
y Ad j J p

oT mpoTuBHOTrO, uto 0¢ ). Bocnonszyemes teopemoii otaenumoctu (@enbmep, [ua, 2008, Tpeaso-
xenue Al): nyems  — nenycmoe svinyxnoe muodsicecmeo 6 R™ u 0 Q. Toeda cywecmeyem nunetinwlii
Gynkyuonan g na R™ maxou, umo: 1) Vy € Q: g(y)>0; 2) Iy € Q: g(»)>0. C yuetom nepeodo-
3HAUEHNH y < |, g < X U3 MyHKTa | TEOpEeMBI OTACTUMOCTH cleayerT, uto ;(X) >0, j=1,...,m, a u3
nyHkTa 2, — 910 X # 0.

m
Hokaxkem oOpaTtHOoe yTBepxkacHue. [lycts ZleLrj:O, a;>0, j=1,...,m, 1 JOTOJHUTENb-

Jj=1 5
HO JIaHO, YTO U3 dfj(x) =0, j=1,...,m caenyet x = 0. Toraa, ecinu A HEKOTOPOTo X € R" uMmeeM

;(¥)=0, j=1, ..., m, To U3 paBeHCTBa Zajdrj(f) =0 crmexyer 9;(X) =0, j=1,..., m otkyma X = 0.
j=1 i
Joka3zaTedbcTBO JeMMbl 2. DyHKIHA BBHIILIAT 1O TOPTQeto onuuoHoB f{(S) = Zx,-f,(S) c

j=1
J;Buza (1) u Ipou3BONBHEIMH {X,} PEACTABISIET JIOMAHYIO JIMHUIO C y3J1aMu S = K; ¥ TOPU30HTAIbHBIM

HauganbHEIM ydacTkoM (0, K,]. [l ee HeOTpHLIATEIFHOCTH HEOOXOANMA U JOCTAaTOYHA HEOTPUIATEIb-
HOCTb B Y3JIaX U HEOTPUIIATEIIFHOCTh HAKJIOHA HA TPOMEKYTKe [K,, o0).

JdoxkaszaTeasbcTBo jJemmsl 3. [l Toka3zaTeabcTBa JOCTATOUYHO BBIYECTh 1-1 CTONIEI] MATPHULIBI
U3 BCEX OCTANbHBIX, 3aT€M PA3JIOKHUTh ONMPEETUTENb 110 MOCIETHEH CTPOKE.

Joka3zaTeabcTBO jJeMMbI 4.

Jlns nokasarenbcTBa paBeHCTBa (8) cienyeT BTOpoil cTonber u3 ctoaduos 3, ..., n; 3aTeM pasje-
JUTH cTOJIOEI 7 Ha A, ; 1 IpuOaBUTh ero k nepsomy. Ilocie yero npoBecT pasnoxkeHUe 10 IEPBOMY, a
3aTeM 10 BTOPOMY CTOJIOLLY.

Hoxka3zatenbcTBo paBeHcTBa (9). [IpogenaeM 1emnouky 3JIeMEHTapHBIX MpeoOpa3oBaHUil CTOIOIIOB,
KaK 3TO CJeNaHo Juis caydaeB k = 1 u k = n pasaenbHO N7 J1eBoil (10 cTonbua k) u mpaBoil dactei
MaTpUIlbl. 3aTeM MOCJIE0BATEIbHO PA3JIOKUM OIpPEISIUTENb M0 CcToia0maM k u 1. 3amada cBoaMTCS
K BBIYHMCICHUIO OINPEACIUTENs NIByX HWKHE-TPEYTOJNIbHBIX M OIHOW HIKHE-OJI0YHO-TPEYTOJbHOM
(n — 2)*(n — 2)-matpuusl ¢ Tpems O61okamu no auaroHanu supaa: diag(h, ..., b, _,), 2X2-MaTpuLbl C
3JeMEHTaMH (II0 CTPOKaM) ((hk_1 +hy; b)) (hys hk+1)), u diag(h,,,, ..., h,_,) COOTBETCTBEHHO.

JoxazarenbctBo paBercTBa (10). Cronber 1 BerunTaeTcs U3 cTonouoB 2, ... , n — 1; cronben n — 1,
JeNICHHBI Ha /1,,_,, BBIYUTACTCS U3 CTOA0LA 77; cToa0ew 7 — 2 BBIYUTACTCs U3 cTonbua n — 1; ...; cronbern
2 BeuuTaeTcs u3 cronbia 3. [Tocie yero mpoBoaUM Pa3iioKECHUE OMPEACIUTENS 10 CTONOIY 7:

JdoxazaTteabcTBO JdemMMmbl 5. J[ng mo6wix i, Y oOpas ﬁle MONMAIpalieH Kak o0pa3 moiudI-
panbHOro MHOXKeCTBa npH adphunroM otobpaxenuu (Poxadennap, 1973, teopema 19.3). Ux npousse-

n

JeHue, T.e. o0pas H Jilv,» TaKxKe nonudApanbHO. 3aMKHYTas BbIMyK/as 000J04Ka KOHCYHOTO CeMei-
i=1
CTBa MOJMAAPATHLHBIX MHOXKECTB TOM3ApaibHa B cury (Pokademmap, 1973, Teopema 19.6).
JokazaTeabCTBO JeMMBbI 6. YTBEp:KICHHE CIEAYET U3 CBOMCTB KOHYCa BHEIIHUX HOpMaJel
K MOIM3apaibHOMY MHOXKecTBY (Jmutpyk, 2012, nemma 6.6). IIpsimoe noka3aTenbCTBO: BHYyTPEHHOCTh
MHOXecTBa int(M) HemycTa U 3a4aeTCs COOTBETCTBYIOIIMMH CTPOTUMHU HEPABEHCTBAMU; OTICITUMOCTh
skBuBanenTHa 0 int(M), mmm 0 €U,y {x:g;(x)=h}.
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The Convexity of Option Prices as a Criterion of No-Arbitrage

S.V. Kurochkin

It is necessary at any time for the market prices to satisfy certain conditions of a set of options with
different strike prices on the same reference asset be arbitrage-free. Some conditions of this kind
are the consequences of arbitrage-free requirement: monotonicity, Lipschitz-parameters and conx-
exity. We give the complete set of independent and verifiable convexity-type properties for option
prices that are equivalent to the absence of arbitrage. A special version of Farkas lemma was used
in the proof of the main result. This construction may be generalized to the dirivatives depending
on several reference assets and/or with arbitrary piecewise linear payoff diagrams. It is proved that
one may choose a finite set of functions on an option portfolio sufficient to verify the arbitrage-free
requirement for this context.
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