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èË‚Ó‰ËÚÒfl ‚˚‡ÊÂÌËÂ, ÓÔËÒ˚‚‡˛˘ÂÂ Ó·˘ËÈ ‚Ë‰ ÍËÚÂË‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ ‰Îfl ÍÎ‡ÒÒ‡
‰ËÌ‡ÏË˜ÂÒÍËı, Ó‰ÌÓÓ‰Ì˚ı ‚Ó ‚ÂÏÂÌË ÂÍÛÒË‚Ì˚ı ÏÓ‰ÂÎÂÈ, Ì‡Á‚‡ÌÌ˚ı ·ÂÎÎÏ‡ÌÓ‚ÒÍËÏË.
àÁ ÌÂ„Ó ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔË ÔÓÒÚÓÂÌËË ÏÓ‰ÂÎÂÈ ‡Á‚ËÚËfl ˝ÍÓÌÓÏËÍË ‰Îfl ˝ÚÓ„Ó ÍÎ‡ÒÒ‡ ÌÂÚ ‰Û-
„Ëı ÍËÚÂËÂ‚, ÍÓÏÂ ÚÂÏËÌ‡Î¸ÌÓ„Ó ÍËÚÂËfl, ËÌÚÂ„‡Î¸ÌÓ„Ó ‰ËÒÍÓÌÚÌÓ„Ó ÍËÚÂËfl Ë Ï‡Í-
ÒËÏËÌÌÓ„Ó ÍËÚÂËfl êÓÛÎÒ‡.

* èË ÔÓÒÚÓÂÌËË ÓÔÚËÏËÁ‡ˆËÓÌÌ˚ı ÏÓ‰ÂÎÂÈ ˝ÍÓÌÓÏË˜ÂÒÍÓÈ ‰ËÌ‡ÏËÍË (ùÑ) Ó‰ÌÓÈ ËÁ ÍÎ˛˜Â-
‚˚ı ÔÓ·ÎÂÏ fl‚ÎflÂÚÒfl ‚˚·Ó ÍËÚÂËfl ÓÔÚËÏËÁ‡ˆËË – ÍËÚÂË‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Cr, – Á‡‰‡Ì-
ÌÓ„Ó Ì‡ Ú‡ÂÍÚÓËflı ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ˝ÍÓÌÓÏË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚. Ç Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â ‰‡ÂÚÒfl ÙÓ-
ÏÛÎ‡ Ó·˘Â„Ó ‚Ë‰‡ ÍËÚÂË‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ ‰Îfl ÍÎ‡ÒÒ‡ ÏÓ‰ÂÎÂÈ, ÍÓÚÓ˚Â fl Ì‡Á˚‚‡˛ ·ÂÎÎ-
Ï‡ÌÓ‚ÒÍËÏË. Ç ÓÒÌÓ‚Â ˝ÚÓÈ ÙÓÏÛÎ˚ ÎÂÊËÚ ÚÂÓÂÏ‡ Ó· Ó·˘ÂÏ ‚Ë‰Â ‡„Â„ËÛ˛˘ÂÈ ÙÛÌÍˆËË,
ÓÔÂ‰ÂÎfl˛˘ÂÈ ÍËÚÂËÈ ÏÓ‰ÂÎË. ê‡Á‚ÂÌÛÚÓÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ ÔÓÎÛ˜ÂÌÓ ‚ ‡·ÓÚÂ (ÅÂ-
ÎÂÌ¸ÍËÈ, îÂÌÍËÌ, 2006), Á‰ÂÒ¸ ÔË‚Ó‰ËÚÒfl Í‡ÚÍÓÂ Â„Ó ËÁÎÓÊÂÌËÂ. 

1. ÅÖããåÄçéÇëäÄü åéÑÖãú. íÖéêÖåÄ éÅ ÄÉêÖÉàêìûôÖâ îìçäñàà 

Ç „ÓÏÓ„ÂÌÌ˚ı ÏÓ‰ÂÎflı ùÑ ‚ ‰ËÒÍÂÚÌÓÏ ‚ÂÏÂÌË Ò ÍÓÌÂ˜Ì˚Ï ÔÎ‡ÌÓ‚˚Ï „ÓËÁÓÌÚÓÏ T1 ÍË-
ÚÂËÈ ÓÔÚËÏËÁ‡ˆËË Ú‡ÂÍÚÓËË ζ ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ Ó·˘ÂÏ ‚Ë‰Â

(1)

„‰Â

(2)

– ÔË‚Â‰ÂÌÌ˚Â, Ò ÍÓ˝ÙÙËˆËÂÌÚÓÏ ‰ËÒÍÓÌÚËÓ‚‡ÌËfl β, ÔÓÎÂÁÌÓÒÚË ÔÓÚÂ·ÎÂÌËfl, ‚˚‡Ê‡ÂÏ˚Â
ÙÛÌÍˆËÂÈ ÔÓÎÂÁÌÓÒÚË U, ‡„ÛÏÂÌÚ‡ÏË ÍÓÚÓÓÈ fl‚Îfl˛ÚÒfl Ù‡ÁÓ‚‡fl ÍÓÓ‰ËÌ‡Ú‡ x ∈  Rn Ë ÛÔ‡‚ÎflÂ-
Ï˚È Ô‡‡ÏÂÚ (‚ÓÓ·˘Â „Ó‚Ófl, ÏÌÓ„ÓÏÂÌ˚È) c ∈ Rn, ËÌÚÂÔÂÚËÛÂÏ˚È Ó·˚˜ÌÓ Í‡Í ‚ÂÍÚÓ ÔÓ-
ÚÂ·ÎÂÌËfl; βTΨ(xT) – ÁÌ‡˜ÂÌËÂ ÚÂÏËÌ‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Ψ (Ú‡ÍÊÂ ÔË‚Â‰ÂÌÌÓÂ Ò ÍÓ˝ÙÙËˆË-
ÂÌÚÓÏ β) ‚ ÍÓÌˆÂ‚ÓÈ ÚÓ˜ÍÂ Ù‡ÁÓ‚ÓÈ Ú‡ÂÍÚÓËË; ϕ – ÌÂÍÓÚÓ‡fl ÙÛÌÍˆËfl, ÒËÌÚÂÁËÛ˛˘‡fl ËÁ ÔÂ-
Â˜ËÒÎÂÌÌ˚ı ‡„ÛÏÂÌÚÓ‚ ËÚÓ„Ó‚˚È ÍËÚÂËÈ ÓÔÚËÏËÁ‡ˆËË; ‚˚·Ó ËÏÂÌÌÓ ˝ÚÓÈ ‡„Â„ËÛ˛˘ÂÈ
ÙÛÌÍˆËË ÓÔÂ‰ÂÎflÂÚ ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚È ÒÏ˚ÒÎ ÍËÚÂËfl ÓÔÚËÏ‡Î¸ÌÓÒÚË. í‡ÍËÏ Ó·‡ÁÓÏ, ÍËÚÂ-
Ë‡Î¸Ì˚È Ô‡ÒÔÓÚ ÏÓ‰ÂÎË Á‡‰‡ÂÚÒfl ˜ÂÚ‚ÂÍÓÈ {ϕ, U, β, Ψ}. 

ÖÒÎË ‚‚ÂÒÚË Ó·ÓÁÌ‡˜ÂÌËÂ uT := (u0, …, uT – 1), ÚÓ ÙÓÏ‡Î¸ÌÓ ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ ‡„Â„ËÛ˛˘‡fl
ÙÛÌÍˆËfl ËÏÂÂÚ ‰‚‡ ‡„ÛÏÂÌÚ‡: ‚ÂÍÚÓÌ˚È ‡„ÛÏÂÌÚ uT Ë ÒÍ‡ÎflÌ˚È ‡„ÛÏÂÌÚ ψ(xT). èË ̋ ÚÓÏ, ÂÒ-
ÎË ÒÚÓËÚÒfl Â¯ÂÌËÂ ÏÓ‰ÂÎË ‚ ¯ËÓÍÓÏ ÒÏ˚ÒÎÂ, ÚÓ ÔËıÓ‰ËÚÒfl ‡ÒÒÏ‡ÚË‚‡Ú¸ ÔÓÒÚ‡ÌÓ‚ÍÛ Á‡‰‡-
˜Ë (1) Ò „ÓËÁÓÌÚÓÏ ‡ÁÎË˜ÌÓÈ ‰ÎËÌ˚ T (Í‡Í, Ì‡ÔËÏÂ, ‚ ÏÂÚÓ‰Â ‰ËÌ‡ÏË˜ÂÒÍÓ„Ó ÔÓ„‡ÏÏËÓ‚‡-
ÌËfl, DP-ÏÂÚÓ‰), ÔÓ˝ÚÓÏÛ ‡„Â„ËÛ˛˘‡fl ÙÛÌÍˆËfl ϕ ‰ÓÎÊÌ‡ ·˚Ú¸ ÓÔÂ‰ÂÎÂÌ‡ Ú‡Í, ˜ÚÓ ÂÂ ‚ÂÍÚÓ-
Ì˚È ‡„ÛÏÂÌÚ ËÏÂÂÚ ÌÂ ÙËÍÒËÓ‚‡ÌÌÛ˛ (T), ‡ ÔÂÂÏÂÌÌÛ˛ ‰ÎËÌÛ k = 1, 2, …, (uk). 

äËÚÂËÈ (1) Ì‡Á˚‚‡ÂÚÒfl ·ÂÎÎÏ‡ÌÓ‚ÒÍËÏ, ÂÒÎË ‡„Â„ËÛ˛˘‡fl ÙÛÌÍˆËfl ϕ Ó·Î‡‰‡ÂÚ ÒÎÂ‰Û˛˘Ë-
ÏË Ò‚ÓÈÒÚ‚‡ÏË. 

* ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êÓÒÒËÈÒÍÓ„Ó ÙÓÌ‰‡ ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ (ÔÓÂÍÚ
06-01-00775) Ë êÓÒÒËÈÒÍÓ„Ó „ÛÏ‡ÌËÚ‡ÌÓ„Ó Ì‡Û˜ÌÓ„Ó ÙÓÌ‰‡ (ÔÓÂÍÚ 06-02-00082).

1 åÓ‰ÂÎ¸ Ì‡Á˚‚‡ÂÚÒfl „ÓÏÓ„ÂÌÌÓÈ (Ó‰ÌÓÓ‰ÌÓÈ ‚Ó ‚ÂÏÂÌË), ÂÒÎË ÂÂ ËÒıÓ‰Ì‡fl ËÌÙÓÏ‡ˆËfl – ËÌÙÓÏ‡ˆËÓÌÌ˚È Ô‡Ò-
ÔÓÚ – ÌÂ Á‡‚ËÒËÚ ÓÚ Í‡ÎÂÌ‰‡ÌÓ„Ó ‚ÂÏÂÌË; Â¯ÂÌËÂ Ú‡ÍÓÈ ÏÓ‰ÂÎË Á‡‚ËÒËÚ ÚÓÎ¸ÍÓ ÓÚ ‰ÎËÌ˚ T ÔÎ‡ÌÓ‚Ó„Ó „ÓËÁÓÌ-
Ú‡, ÌÓ ÌÂ ÓÚ Â„Ó ÔÓÎÓÊÂÌËfl Ì‡ ‚ÂÏÂÌÌÓÈ ÓÒË.

Cr ζ( ) ϕ u0 u2 … uT 1– ; βTΨ xT( ), , ,( ) ,
z

max=

ut := βtU xt ct,( ) t 0 … T 1,–, ,=

å‡ÚÂÏ‡ÚË˜ÂÒÍËÈ ‡Ì‡ÎËÁ 
˝ÍÓÌÓÏË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ
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ë‚ÓÈÒÚ‚Ó j1 (ÒËÏÏÂÚË˜ÌÓÒÚ¸). áÌ‡˜ÂÌËÂ ÙÛÌÍˆËË ϕ ÌÂ ÏÂÌflÂÚÒfl ÔË ÔÂÂÒÚ‡ÌÓ‚ÍÂ ÍÓÏÔÓ-
ÌÂÌÚ ÂÂ ‚ÂÍÚÓÌÓ„Ó ‡„ÛÏÂÌÚ‡ uk. 

ùÚÓ Ò‚ÓÈÒÚ‚Ó ‚˚‡Ê‡ÂÚ ÔËÌˆËÔ ‡‚ÌÓÔ‡‚Ëfl: ‚ÒÂ ÔÓÍÓÎÂÌËfl, Óı‚‡˜ÂÌÌ˚Â ÔÎ‡ÌÓ‚˚Ï „ÓË-
ÁÓÌÚÓÏ {t = 0, …, T – 1) Ë ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚Â ‚ ÍËÚÂËË Ò‚ÓËÏË ÔÓÎÂÁÌÓÒÚflÏË Ut := U(xt, ct), ÔÓÒÎÂ
ÔË‚Â‰ÂÌËfl ̋ ÚËı ÔÓÎÂÁÌÓÒÚÂÈ Ò ÔÓÏÓ˘¸˛ ‰ËÒÍÓÌÚËÛ˛˘Â„Ó ÏÌÓÊËÚÂÎfl ÔÓ ÙÓÏÛÎÂ (2) Ò˜ËÚ‡˛Ú-
Òfl ‡‚ÌÓÔ‡‚Ì˚ÏË (‡‚ÌÓÒËÎ¸Ì˚ÏË, ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË Ë Ú.Ô.). 

îÓÏ‡ÎËÁÛfl Ò‚ÓÈÒÚ‚Ó ϕ1, ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ̃ ÚÓ uk – ̋ ÚÓ ÌÂ ‚ÂÍÚÓ, ‡ ÏÌÓÊÂÒÚ‚Ó ËÁ k ̃ ËÒÂÎ; Ú‡ÍËÏ
Ó·‡ÁÓÏ, ÔÂ‚˚È ‡„ÛÏÂÌÚ ‡„Â„ËÛ˛˘ÂÈ ÙÛÌÍˆËË ÂÒÚ¸ ÌÂÍÓÚÓÓÂ ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ̃ ËÒÂÎ u,
‡ ‚ÚÓÓÈ – ÒÍ‡Îfl (·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ Â„Ó v). 

ë‚ÓÈÒÚ‚Ó j2 (ÂÍÛÒË‚ÌÓÒÚ¸). ÑÎfl Î˛·Ó„Ó ‡Á·ËÂÌËfl ÏÌÓÊÂÒÚ‚‡ u Ì‡ ‰‚Â ÌÂÔÂÂÒÂÍ‡˛˘ËÂÒfl
˜‡ÒÚË ËÏÂÂÚ ÏÂÒÚÓ ‡‚ÂÌÒÚ‚Ó 

(3)

ùÚÓ Ò‚ÓÈÒÚ‚Ó fl‚ÎflÂÚÒfl ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÏ ‰Îfl ·ÂÎÎÏ‡ÌÓ‚ÒÍËı ÏÓ‰ÂÎÂÈ. àÏÂÌÌÓ ‚ ÌÂÏ ÒÓ-
ÒÚÓËÚ ÔËÌˆËÔ ÓÔÚËÏ‡Î¸ÌÓÒÚË ÅÂÎÎÏ‡Ì‡, ÒÓ„Î‡ÒÌÓ ÍÓÚÓÓÏÛ ‚ÒflÍ‡fl ÓÔÚËÏ‡Î¸Ì‡fl Ú‡ÂÍÚÓËfl
ÏÓÊÂÚ ·˚Ú¸ “‡ÁÂÁ‡Ì‡” (‚ ÔÓËÁ‚ÓÎ¸ÌÓÈ ÔÓÏÂÊÛÚÓ˜ÌÓÈ ÚÓ˜ÍÂ) Ì‡ ‰‚Â ˜‡ÒÚË, Í‡Ê‰‡fl ËÁ ÍÓÚÓ-
˚ı ÓÔÚËÏ‡Î¸Ì‡ Ì‡ Ò‚ÓÂÏ Û˜‡ÒÚÍÂ ‚ÂÏÂÌÌÓÈ ÓÒË. 

èÓÎ‡„‡fl ‚ (3) u1 = u, u2 := ∅ , ÔÓÎÛ˜‡ÂÏ ϕ(u; v) = ϕ(u; ϕ(∅ ; v)); ˝ÚÓ ‚ÓÁÏÓÊÌÓ ÚÓÎ¸ÍÓ ‚ ‰‚Ûı ÒÎÛ-
˜‡flı: ÎË·Ó ϕ(u, v) ÌÂ Á‡‚ËÒËÚ ÓÚ v, ÎË·Ó 

(4)

Ç ÔÂ‚ÓÏ ÒÎÛ˜‡Â ϕ(u, v) = ϕ(u), Ë ËÁ (3) ÒÎÂ‰ÛÂÚ ϕ(u) = ϕ(u2) ∀ u � u2, ÓÚÍÛ‰‡ ‚˚ÚÂÍ‡ÂÚ, ̃ ÚÓ ÙÛÌÍˆËfl
ϕ ÔËÌËÏ‡ÂÚ Ó‰ÌÓ Ë ÚÓ ÊÂ ÁÌ‡˜ÂÌËÂ Ì‡ Î˛·˚ı ÏÌÓÊÂÒÚ‚‡ı, Ú.Â. ϕ(u) ≡ const; Ú‡ÍËÏ Ó·‡ÁÓÏ, ˝ÚÓÚ
‚˚ÓÊ‰ÂÌÌ˚È ÒÎÛ˜‡È ·ÂÒÒÓ‰ÂÊ‡ÚÂÎÂÌ, Ë ÔÓÎ‡„‡ÂÏ ‚ ‰‡Î¸ÌÂÈ¯ÂÏ, ̃ ÚÓ ËÏÂÂÚ ÏÂÒÚÓ ÙÓÏÛÎ‡ (4). 

á‡ÏÂ˜‡ÌËÂ 1. îÓÏÛÎ‡ (4) ÓÔÂ‰ÂÎflÂÚ ÁÌ‡˜ÂÌËÂ ‡„Â„ËÛ˛˘ÂÈ ÙÛÌÍˆËË ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÏÌÓ-
ÊÂÒÚ‚Ó u ÔÛÒÚÓ, Ú.Â. ˜ËÒÎÓ Â„Ó ˝ÎÂÏÂÌÚÓ‚ ‡‚ÌÓ ÌÛÎ˛ (k = 0); ˝ÚÓÏÛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ „ÓËÁÓÌÚ ÔÎ‡-
ÌËÓ‚‡ÌËfl T = 0. ëÓ‰ÂÊ‡ÚÂÎ¸ÌÓ Ú‡Í‡fl Á‡‰‡˜‡ ÌÂ ËÏÂÂÚ ÒÏ˚ÒÎ‡, ÌÓ ÔË ÙÓÏ‡Î¸ÌÓÏ ÓÔËÒ‡ÌËË
·˚‚‡ÂÚ Û‰Ó·ÌÓ ‚ÍÎ˛˜ËÚ¸ ‚ ‡ÒÒÏÓÚÂÌËÂ Ë ˝ÚÓÚ ÒÎÛ˜‡È (‚ ˜‡ÒÚÌÓÒÚË, ˝ÚÓ Û‰Ó·ÌÓ ÔË ÓÔËÒ‡ÌËË
ÂÍÛÂÌÚÌÓÈ ÔÓˆÂ‰Û˚ ÏÂÚÓ‰‡ ‰ËÌ‡ÏË˜ÂÒÍÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl, ÒÏ., Ì‡ÔËÏÂ (ÅÂÎÂÌ¸ÍËÈ,
2001, ãÂÍˆËfl 6)). 

ÑÎfl k ≥ 1 ÏÌÓ„ÓÍ‡ÚÌÓÂ ÔËÏÂÌÂÌËÂ ÙÓÏÛÎ˚ (3) ÔÓÍ‡Á˚‚‡ÂÚ, ̃ ÚÓ ‡„Â„ËÛ˛˘‡fl ÙÛÌÍˆËfl Ó‰-
ÌÓÁÌ‡˜ÌÓ Á‡‰‡ÂÚÒfl ÙÛÌÍˆËÂÈ ‰‚Ûı ÒÍ‡ÎflÌ˚ı ‡„ÛÏÂÌÚÓ‚ Φ(u, v) – ÔÓËÁ‚Ó‰fl˘ÂÈ ÙÛÌÍˆËÂÈ. ÑÎfl
Ó‰ÌÓ˝ÎÂÏÂÌÚÌÓ„Ó (k = 1) ÏÌÓÊÂÒÚ‚‡ u = {u} Ì‡‰Ó ÔÓÎÓÊËÚ¸ ϕ(u; v) := Φ(u, v), ‡ Á‡ÚÂÏ ÔË k ≥ 1
‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÂÍÛÂÌÚÌÓÈ ÙÓÏÛÎÓÈ 

(5)

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÔË ˝ÚÓÏ ‚˚ÔÓÎÌflÎÓÒ¸ Ò‚ÓÈÒÚ‚Ó ÒËÏÏÂÚËË, ÌÂÓ·ıÓ‰ËÏÓ, ˜ÚÓ·˚ ÔÓËÁ‚Ó‰fl˘‡fl
ÙÛÌÍˆËfl Û‰Ó‚ÎÂÚ‚ÓflÎ‡ ÒÓÓÚÌÓ¯ÂÌË˛ 

(6)

ÌÓ ÒÓ„Î‡ÒÌÓ (ÅÂÎÂÌ¸ÍËÈ, îÂÌÍËÌ, 2006), ÓÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ ˝ÚÓ ÛÒÎÓ‚ËÂ fl‚ÎflÂÚÒfl Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Ï. 
ãÂÏÏ‡ 1. èË ‚˚ÔÓÎÌÂÌËË ÒÓÓÚÌÓ¯ÂÌËfl (6) ‡„Â„ËÛ˛˘‡fl ÙÛÌÍˆËfl ϕ, ÂÍÛÂÌÚÌÓ ÓÔÂ‰Â-

ÎflÂÏ‡fl ÙÓÏÛÎÓÈ (5), Ó·Î‡‰‡ÂÚ (ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ k ≥ 2) Ò‚ÓÈÒÚ‚ÓÏ ÒËÏÏÂÚËË ϕ1. 
àÚ‡Í, Ò‚ÓÈÒÚ‚‡ ϕ1, ϕ2 ˝Í‚Ë‚‡ÎÂÌÚÌ˚ ÒÓÓÚÌÓ¯ÂÌËflÏ (4), (6). èÓÏËÏÓ ˝ÚÓ„Ó, ‚ ÏÓ‰ÂÎflı ùÑ ˝ÍÓ-

ÌÓÏË˜ÂÒÍÓÂ ÒÓ‰ÂÊ‡ÌËÂ ÍËÚÂËfl (1) ÚÂ·ÛÂÚ, ̃ ÚÓ·˚ ÔÓËÁ‚Ó‰fl˘‡fl ÙÛÌÍˆËfl ·˚Î‡ “‰ÓÔÛÒÚËÏ‡”. 
éÔÂ‰ÂÎÂÌËÂ. îÛÌÍˆËfl Φ(x) Ì‡Á˚‚‡ÂÚÒfl ‰ÓÔÛÒÚËÏÓÈ, ÂÒÎË Ó·Î‡ÒÚ¸˛ ÂÂ ÓÔÂ‰ÂÎÂÌËfl fl‚ÎflÂÚÒfl

‰‚ÛÏÂÌ˚È ÔÓÎÓÊËÚÂÎ¸Ì˚È ÓÚ‡ÌÚ x = (u, v)2 ∈  Ë ‚˚ÔÓÎÌfl˛ÚÒfl ÛÒÎÓ‚Ëfl: 

1) Φ(x) ÏÓÌÓÚÓÌÌÓ ‚ÓÁ‡ÒÚ‡ÂÚ2 ÔÓ x ∈   ‚ ÒÏ˚ÒÎÂ ÂÒÚÂÒÚ‚ÂÌÌÓ„Ó (ÔÓÍÓÓ‰ËÌ‡ÚÌÓ„Ó) ˜‡ÒÚË˜-

ÌÓ„Ó ÔÓfl‰Í‡ ‚ , ÔË˜ÂÏ Φ(0) = 0, Ú‡Í ˜ÚÓ Φ(x) ≥ 0 ∀ x ∈  ;

2) ÙÛÌÍˆËfl Φ ÔÓÎÓÊËÚÂÎ¸ÌÓ Ó‰ÌÓÓ‰Ì‡ (ÔÂ‚ÓÈ ÒÚÂÔÂÌË): 

(7)

2 á‰ÂÒ¸ Ë ‰‡Î¸¯Â ÏÓÌÓÚÓÌÌÓÒÚ¸ (‚ÓÁ‡ÒÚ‡ÌËÂ ËÎË Û·˚‚‡ÌËÂ) ÙÛÌÍˆËÈ ÔÓÌËÏ‡ÂÚÒfl ‚ ÌÂÒÚÓ„ÓÏ ÒÏ˚ÒÎÂ (Í‡Í ÌÂÛ·˚‚‡-
ÌËÂ Ë ÌÂ‚ÓÁ‡ÒÚ‡ÌËÂ).

ϕ u; v( ) ϕ u2; ϕ u1; v( )( ) u1 u2∪ u, u1u2 ∅= =( ).∀=

ϕ ∅ ; v( ) v v .∀=

ϕ uk 1+ ; v( ) Φ uk ϕ uk; v( ),( ), uk 1+ u0 … uk, ,( ), k 1 2 …, ,= = =

Φ u1 Φ u0 v,( ),( ) Φ u0 Φ u1 v,( ),( ) u0 u1 v, ,( );∀=

R+
2

R+
2

R+
2 R+

2

Φ λx( ) λΦ x( ) x R+
2∈ λ 0≥,( ).∀=
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äÎ‡ÒÒ ‰ÓÔÛÒÚËÏ˚ı ÙÛÌÍˆËÈ Ó·ÓÁÌ‡˜‡ÂÚÒfl W. 

èÓÎÓÊËÚÂÎ¸ÌÓ-Ó‰ÌÓÓ‰ÌÛ˛ ÙÛÌÍˆË˛ ÏÓÊÌÓ
ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â 

(8)

ÔË ̋ ÚÓÏ ‰Îfl Φ ∈ W ÙÛÌÍˆËfl g(t) Û·˚‚‡ÂÚ, ‡ ÙÛÌÍ-
ˆËfl 

(9)

‚ÓÁ‡ÒÚ‡ÂÚ ÔÓ t.

Φ u v,( ) vg v /u( ) g t( ) := Φ 1/t 1,( ) t 0;≥=

f t( ) := tg t( ) Φ 1 t,( ), t 0,>=

ÖÒÎË ‚‚ÂÒÚË ÔÂÂÏÂÌÌ˚Â y := v/u0, z := v/u1, ÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ (6) ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í ‚Ë‰Û 

(10)

àÚ‡Í, ÔÓËÁ‚Ó‰fl˘‡fl ÙÛÌÍˆËfl, ÓÔÂ‰ÂÎfl˛˘‡fl ÍËÚÂË‡Î¸Ì˚È ÙÛÌÍˆËÓÌ‡Î ·ÂÎÎÏ‡ÌÓ‚ÒÍÓÈ
ÏÓ‰ÂÎË, ‰ÓÎÊÌ‡ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÏÛ Û‡‚ÌÂÌË˛ (10) ÔË ÛÍ‡Á‡ÌÌ˚ı ÛÒÎÓ‚Ëflı ÏÓÌÓ-
ÚÓÌÌÓÒÚË. 

íË‚Ë‡Î¸Ì˚Ï Â¯ÂÌËÂÏ Û‡‚ÌÂÌËfl (10) fl‚ÎflÂÚÒfl ÙÛÌÍˆËfl g(t) = β = const; ÂÈ ÓÚ‚Â˜‡ÂÚ Φ(u, v) =
= βv. ùÚÓÈ ÔÓËÁ‚Ó‰fl˘ÂÈ ÙÛÌÍˆËË ÓÚ‚Â˜‡ÂÚ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÂÍÛÂÌÚÌÓÈ ÙÓÏÛÎÓÈ (5), ‡„Â-
„ËÛ˛˘‡fl ÙÛÌÍˆËfl ϕ(u, v) = βkv, „‰Â k – ˜ËÒÎÓ ˝ÎÂÏÂÌÚÓ‚ ÏÌÓÊÂÒÚ‚‡ u (ÓÚÏÂÚËÏ, ˜ÚÓ ÔË k = 0
‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ (4)); ‚ ˝ÚÓÏ ÒÎÛ˜‡Â (1) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÚÂÏËÌ‡Î¸Ì˚È ÍËÚÂËÈ 

(11)

ı‡‡ÍÚÂÌ˚È ‰Îfl ÏÓ‰ÂÎÂÈ, Á‡ÏÍÌÛÚ˚ı ÔÓ ÔÓÚÂ·ÎÂÌË˛ (ÒÏ. (çËÍ‡È‰Ó, 1972, § 14; ÅÂÎÂÌ¸ÍËÈ,
ÄÛ¯‡ÌflÌ, 1993)). çËÊÂ ·Û‰ÂÏ ËÒÍ‡Ú¸ ÌÂÚË‚Ë‡Î¸Ì˚Â Â¯ÂÌËfl. 

é·ÓÁÌ‡˜ËÏ ÏÌÓÊÂÒÚ‚Ó ÌÂÚË‚Ë‡Î¸Ì˚ı Â¯ÂÌËÈ ÙÛÌÍˆËÓÌ‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl (10) ˜ÂÂÁ �;
·ÓÎÂÂ ÚÓ˜ÌÓ, � – ˝ÚÓ ÍÎ‡ÒÒ ÌÂÔÂ˚‚Ì˚ı ÙÛÌÍˆËÈ g(t) (ÔÓ ÛÏÓÎ˜‡ÌË˛ – ÌÂÚË‚Ë‡Î¸Ì˚ı), ÓÔÂ‰Â-
ÎÂÌÌ˚ı Ì‡ ÔÓÎÛÓÒË t > 0 Ë Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ‚ËflÏ: 

1) g(t) ÒÚÓ„Ó ÔÓÎÓÊËÚÂÎ¸Ì‡ Ë Û·˚‚‡ÂÚ ÔÓ t; 
2) ÙÛÌÍˆËfl f (t) := tg(t) ‚ÓÁ‡ÒÚ‡ÂÚ ÔÓ t; 
3) ‚˚ÔÓÎÌflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌËÂ (10). 
íÂÓÂÏ‡ 1 (ÅÂÎÂÌ¸ÍËÈ, îÂÌÍËÌ, 2006). äÎ‡ÒÒ � ËÒ˜ÂÔ˚‚‡ÂÚÒfl ‰‚ÛÔ‡‡ÏÂÚË˜ÂÒÍËÏ ÒÂÏÂÈ-

ÒÚ‚ÓÏ ÙÛÌÍˆËÈ ‚Ë‰‡ 

(12)

Ò Ô‡‡ÏÂÚ‡ÏË a ≥ 0, ρ ≠ 0.
ä‡ÚÍÓÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ ‰‡ÌÓ ‚ èËÎÓÊÂÌËË. 

2. éÅôàâ ÇàÑ äêàíÖêàÄãúçéÉé îìçäñàéçÄãÄ
é·˘ËÈ ‚Ë‰ ÍËÚÂË‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ (1) ·ÂÎÎÏ‡ÌÓ‚ÒÍÓÈ ÏÓ‰ÂÎË ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ‚˚ÚÂ-

Í‡ÂÚ ËÁ ÚÂÓÂÏ˚ 1. çÓ ÔÂÊ‰Â ˜ÂÏ ÙÓÏÛÎËÓ‚‡Ú¸ ˝ÚÓÚ ÂÁÛÎ¸Ú‡Ú, ÓÚÏÂÚËÏ ÌÂÍÓÚÓ˚Â Ò‚ÓÈÒÚ‚‡
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÔÓËÁ‚Ó‰fl˘Ëı ÙÛÌÍˆËÈ. 

2.1. ë‚ÓÈÒÚ‚‡ CES-ÙÛÌÍˆËÈ. îÛÌÍˆËË (12) ÓÚ‚Â˜‡ÂÚ ÔÓËÁ‚Ó‰fl˘‡fl ÙÛÌÍˆËfl 

(13)

ÓÚÌÓÒfl˘‡flÒfl Í ÍÎ‡ÒÒÛ Ú‡Í Ì‡Á˚‚‡ÂÏ˚ı CES-ÙÛÌÍˆËÈ, Ú.Â. ÙÛÌÍˆËÈ Ò ÔÓÒÚÓflÌÌÓÈ ̋ Î‡ÒÚË˜ÌÓÒÚ¸˛ Á‡-
ÏÂ˘ÂÌËfl (Constant Elasticity Substitution) (ÒÏ. (äÎÂÈÌÂ, 1986)). Ç˚·ÓÓÏ Ï‡Ò¯Ú‡·Ì˚ı Â‰ËÌËˆ Ù‡Í-
ÚÓÓ‚ ÏÓÊÌÓ ÔË‚ÂÒÚË Ô‡‡ÏÂÚ a Í Â‰ËÌË˜ÌÓÏÛ ÁÌ‡˜ÂÌË˛, Ë ÚÓ„‰‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÙÛÌÍˆËfl 

(14)

ÒÓ‰ÂÊËÚ Â‰ËÌÒÚ‚ÂÌÌ˚È ÒÛ˘ÂÒÚ‚ÂÌÌ˚È Ô‡‡ÏÂÚ ρ.
ç‡ ËÒÛÌÍÂ ÒıÂÏ‡ÚË˜ÂÒÍË ÔÓÍ‡Á‡Ì‡ Á‡‚ËÒËÏÓÒÚ¸ ÙÛÌÍˆËË (14) ÓÚ Ô‡‡ÏÂÚ‡ ρ ÔË ÌÂÍÓÚÓÓÏ

ÙËÍÒËÓ‚‡ÌÌÓÏ ÁÌ‡˜ÂÌËË ‡„ÛÏÂÌÚ‡ t. éÚÏÂÚËÏ ÒÎÂ‰Û˛˘ËÂ Ò‚ÓÈÒÚ‚‡ ˝ÚÓÈ ÙÛÌÍˆËË: 
1) ÔË ρ > 0 gρ(t) > 1 ∀ t; 

g y( )g zg y( )( ) g z( )g yg z( )( ) y∀ z, 0.>=

Cr ζ( ) βTΨ xT( ) max,=

g t( ) 1 a/t( )ρ+[ ] 1/ρ
, t 0,>=

Φ u v,( ) au( )ρ
v

ρ+[ ] 1/ρ
, u v,( ) R+

2 , a 0, ρ 0,≠≥∈=

gρ t( ) 1 1/t( )ρ+[ ] 1/ρ
, t 0,>=

‡ ·g

t > 1

1/t
1

1/t

g

á‡‚ËÒËÏÓÒÚ¸ ÙÛÌÍˆËË q ÓÚ Ô‡‡ÏÂÚ‡ p.

ρ ρ
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ÅÂÎÂÌ¸ÍËÈ

2) ÔË ρ < 0 gρ(t) < 1 ∀ t;

3) ‚ Í‡Ê‰ÓÈ ËÁ Ó·Î‡ÒÚÂÈ {ρ > 0}, {ρ < 0} ÙÛÌÍˆËfl gρ(t), Û·˚‚‡ÂÚ ÔÓ Ô‡‡ÏÂÚÛ ρ, ÔÂÚÂÔÂ‚‡fl
‡Á˚‚ ‚ ÚÓ˜ÍÂ ρ = 0. 

èËÏÂ˜‡ÌËÂ. ÖÒÎË ‚ ‰‚ÛıÙ‡ÍÚÓÌÓÈ ÔÓÎÓÊËÚÂÎ¸ÌÓ Ó‰ÌÓÓ‰ÌÓÈ CES-ÙÛÌÍˆËË Ó·˘Â„Ó ‚Ë‰‡ 

Ô‡‡ÏÂÚ˚ α, β > 0 Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚Ë˛ α + β = 1, ÚÓ ‡Á˚‚‡ ÙÛÌÍˆËË 

(15)

‚ ÚÓ˜ÍÂ ρ = 0 ÌÂÚ, ‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ÔÂ‰ÂÎ 

é‰Ì‡ÍÓ ÙÛÌÍˆËfl (15) ÌÂ ÔËÌ‡‰ÎÂÊËÚ ÒÂÏÂÈÒÚ‚Û (12), Ú‡Í Í‡Í β ≠ 1 (β < 1), Ë ÔÓ˝ÚÓÏÛ (ÙÛÌÍˆËfl
äÓ··‡–ÑÛ„Î‡Ò‡) ÌÂ ÏÓÊÂÚ ÒÎÛÊËÚ¸ ÔÓËÁ‚Ó‰fl˘ÂÈ ÙÛÌÍˆËÂÈ ·ÂÎÎÏ‡ÌÓ‚ÒÍÓÈ ÏÓ‰ÂÎË. 

äÓÏÂ ÛÍ‡Á‡ÌÌ˚ı Ò‚ÓÈÒÚ‚ ÒÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÒÛ˘ÂÒÚ‚Û˛Ú ÙÎ‡Ì„Ó‚˚Â (ÔË |ρ|  ∞) ÔÂ-
‰ÂÎ˚ (ÓÌË ÔÓÍ‡Á‡Ì˚ Ì‡ ËÒÛÌÍÂ); ˝ÚËÏ ÔÂ‰ÂÎ‡Ï ÓÚ‚Â˜‡˛Ú ÔÓËÁ‚Ó‰fl˘ËÂ ÙÛÌÍˆËË 

(16)

2.2. é·˘ËÈ ‚Ë‰ ÍËÚÂËfl ÓÔÚËÏ‡Î¸ÌÓÒÚË. Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÂÍÛÂÌÚÌÓÈ ÙÓÏÛÎÓÈ (5), ‡„Â-
„ËÛ˛˘‡fl ÙÛÌÍˆËfl, ÓÚ‚Â˜‡˛˘‡fl ÔÓËÁ‚Ó‰fl˘ÂÈ ÙÛÌÍˆËË (13), ËÏÂÂÚ ‚Ë‰ 

(17)

Ë ÒÓ„Î‡ÒÌÓ (1), (2)

(18)

Ç ÒËÎÛ ÚÂÓÂÏ˚ 1, ÙÓÏÛÎ‡ (18) ‰‡ÂÚ Ó·˘ËÈ ‚Ë‰ ÍËÚÂË‡Î¸ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ ‚ ·ÂÎÎÏ‡ÌÓ‚-
ÒÍËı ÏÓ‰ÂÎflı ùÑ. 

Ç Â‡Î¸ÌÓÈ Ô‡ÍÚËÍÂ ÏÓ‰ÂÎËÓ‚‡ÌËfl ÍËÚÂËÈ ‚Ë‰‡ (18) ËÒÔÓÎ¸ÁÛÂÚÒfl, ‚ ÓÒÌÓ‚ÌÓÏ, ÔË ÔÓÎÓ-
ÊËÚÂÎ¸Ì˚ı ÁÌ‡˜ÂÌËflı ρ. èË Ú‡ÍËı ρ ÒÓ‰ÂÊ‡ÚÂÎ¸ÌÓ ‰ÓÔÛÒÚËÏ‡ ÏÓÌÓÚÓÌÌ‡fl Á‡ÏÂÌ‡ ÔÂÂÏÂÌÌ˚ı,
ÔÓ˝ÚÓÏÛ Ò‰ÂÎ‡‚ ÔÂÂÓ·ÓÁÌ‡˜ÂÌËfl: 

ÔÓÎÛ˜ËÏ ËÁ (18) ÙÓÏÛÎÛ

(19)

ùÚÓ – ÒÚ‡Ì‰‡ÚÌ˚È ‰ËÒÍÓÌÚÌ˚È ÍËÚÂËÈ, ËÏÂÌÌÓ ÓÌ Ì‡Ë·ÓÎÂÂ ˜‡ÒÚÓ ËÒÔÓÎ¸ÁÛÂÚÒfl ÔË ÔÓÒÚÓÂ-
ÌËË ÏÓ‰ÂÎÂÈ ‡Á‚ËÚËfl ˝ÍÓÌÓÏËÍË Í‡Í Ì‡ Ï‡ÍÓ-, Ú‡Í Ë Ì‡ ÏËÍÓÛÓ‚ÌÂ. Ç ÔÓÒÎÂ‰ÌËÂ „Ó‰˚ ‚ÒÂ
·ÓÎ¸¯Â ‚ÌËÏ‡ÌËÂ ÔË‚ÎÂÍ‡ÂÚ Ï‡ÍÒËÏËÌÌ˚È ÍËÚÂËÈ (ÍËÚÂËÈ êÓÛÎÒ‡) 

(20)

ÓÚ‚Â˜‡˛˘ËÈ ÔÓËÁ‚Ó‰fl˘ÂÈ ÙÛÌÍˆËË (16) ÔË ρ  –∞. íÂÚ¸ËÏ ‚ÓÁÏÓÊÌ˚Ï ÍËÚÂËÂÏ fl‚ÎflÂÚ-
Òfl ÚÂÏËÌ‡Î¸Ì˚È ÍËÚÂËÈ (11), ÔÓÎÛ˜‡˛˘ËÈÒfl ËÁ (18) ÔË ‚˚ÓÊ‰ÂÌÌÓÏ ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡
a = 0. í‡ÍËÏ Ó·‡ÁÓÏ, ‰Û„Ëı ÍËÚÂËÂ‚, ÍÓÏÂ ÚÂı Ì‡Á‚‡ÌÌ˚ı, ‚ ·ÂÎÏ‡ÌÓ‚ÒÍËı ÏÓ‰ÂÎflı ÌÂÚ. 

Fρ u v,( ) αuρ βv ρ+( )1/ρ
, u v, 0,>=

gρ t( ) := Fρ 1/t 1,( ) β αt ρ–+( )1/ρ
=

g0 t( ) := gρ t( )
ρ 0→
lim t α– , t 0.>=

Φ u v,( ) u v,( ), Φ u v,( )
ρ ∞–→
min u v,( ).

ρ +∞→
max= =

ϕ uk
v,( ) αut( )ρ

v
ρ+

t 0=

k 1–

∑
1/ρ

,=

Cr ζ( ) βρ( )t αU xt ct,( )[ ] ρ βρ( )TΨρ xT( )+
t 0=

T 1–

∑
 
 
 

1/ρ

.=

β := βρ, U  := αU( )ρ, Ψ := Ψρ, Cr' := Crρ,

Cr ζ( ) βtU xt ct,( )
t 0=

T 1–

∑ βTΨ xT( ).+=

Cr ζ( ) min ut
t 0 T 1–,[ ]∈

min βTΨ xT( ),[ ] ,=
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èêàãéÜÖçàÖ

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó  ÚÂÓÂÏ˚ 1. èÂÂÈ‰ÂÏ Í ÎÓ„‡ËÙÏË˜ÂÒÍËÏ ÍÓÓ‰ËÌ‡Ú‡Ï, ÔÓÎÓÊËÏ s := lnt,
L(s) = lng(es) ~ g(t) = eL(lnt), s ∈  R, t >0, ÚÓ„‰‡ f (t) = tg(t) = eM(lnt), M(s) := L(s) + s. Ç ˝ÚËı ÍÓÓ‰ËÌ‡Ú‡ı
ÒÂÏÂÈÒÚ‚Û ÙÛÌÍˆËÈ (12) ÓÚ‚Â˜‡ÂÚ ÒÂÏÂÈÒÚ‚Ó 

(21)

Ç‚Â‰fl Ó·ÓÁÌ‡˜ÂÌËfl ξ := lny, η := lnz Ë ÎÓ„‡ËÙÏËÛfl Û‡‚ÌÂÌËÂ (10), ÔÓÎÛ˜ËÏ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÂ
Û‡‚ÌÂÌËÂ ‚ ÎÓ„‡ËÙÏ‡ı: 

(22)

åÌÓÊÂÒÚ‚Ó Â„Ó ÌÂÚË‚Ë‡Î¸Ì˚ı Â¯ÂÌËÈ – ˝ÚÓ ÍÎ‡ÒÒ � ÌÂÔÂ˚‚Ì˚ı ÙÛÌÍˆËÈ L(s), ÓÔÂ‰ÂÎÂÌ-
Ì˚ı Ì‡ ‚ÒÂÈ ÔflÏÓÈ R Ë Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ‚ËflÏ:

1) ÙÛÌÍˆËfl L(s) Û·˚‚‡ÂÚ ÔÓ s; 
2) ÙÛÌÍˆËfl M(s) := L(s) + s ‚ÓÁ‡ÒÚ‡ÂÚ ÔÓ s; 
3) ‚˚ÔÓÎÌflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌËÂ (22). 
íË ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚Â ÎÂÏÏ˚. èË‚Ó‰ËÏ˚Â ÌËÊÂ ÎÂÏÏ˚ ‰ÓÍ‡Á‡Ì˚ ‚ (ÅÂÎÂÌ¸ÍËÈ, îÂÌÍËÌ,

2006). 
ãÂÏÏ‡ 1. îÛÌÍˆËfl L ÌË„‰Â ÌÂ Ó·‡˘‡ÂÚÒfl ‚ ÌÛÎ¸, Ú.Â. ÎË·Ó ÒÚÓ„Ó ÔÓÎÓÊËÚÂÎ¸Ì‡, ÎË·Ó

ÒÚÓ„Ó ÓÚËˆ‡ÚÂÎ¸Ì‡ Ì‡ ‚ÒÂÈ ÓÒË R. 
Ç ÒËÎÛ ˝ÚÓÈ ÎÂÏÏ˚ ÍÎ‡ÒÒ � ‡Á·Ë‚‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓ‰ÍÎ‡ÒÒ‡ �+ Ë �–, ‚ ÍÓÚÓ˚ı ÙÛÌÍˆËË L ÔÓ-

ÎÓÊËÚÂÎ¸Ì˚ Ë ÓÚËˆ‡ÚÂÎ¸Ì˚, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 
ãÂÏÏ‡ 2. ÖÒÎË L ∈  �, ÚÓ ÙÛÌÍˆËË:

(23')

(23'')

Ú‡ÍÊÂ ÔËÌ‡‰ÎÂÊ‡Ú ÍÎ‡ÒÒÛ �. 
îÓÏÛÎ˚ (23') Ë (23'') Á‡‰‡˛Ú „ÛÔÔÛ ‡‚ÚÓÏÓÙËÁÏÓ‚ Ì‡ ÍÎ‡ÒÒÂ �. ëÂ‰Ë ÌËı Ì‡‰Ó ‚˚‰ÂÎËÚ¸

ÓÒÓ·Ó ‡‚ÚÓÏÓÙËÁÏ (23') ÔË p = –1, ÍÓÚÓÓÏÛ ÓÚ‚Â˜‡ÂÚ ËÌ‚ÂÒËfl, ‚Á‡ËÏÌÓ ÔÂÓ·‡ÁÛ˛˘‡fl ÔÓ‰-
ÍÎ‡ÒÒ˚ �+, �– ‰Û„ ‚ ‰Û„‡. Ç Í‡Ê‰ÓÏ ËÁ ˝ÚËı ÔÓ‰ÍÎ‡ÒÒÓ‚ ‡‚ÚÓÏÓÙËÁÏ˚ (23') ÔË p > 0 Ë (23'') –
˝ÚÓ ÒÚ‡Ì‰‡ÚÌ˚Â ÔÂÓ·‡ÁÓ‚‡ÌËfl ÍÓÓ‰ËÌ‡ÚÌ˚ı ÓÒÂÈ: ‡ÒÚflÊÂÌËÂ Ï‡Ò¯Ú‡·‡ Ë ÔÂÂÌÓÒ Ì‡˜‡Î‡
ÓÚÒ˜ÂÚ‡. 

ãÂÏÏ‡ 3. ÖÒÎË ÙÛÌÍˆËfl L ÔËÌ‡‰ÎÂÊËÚ ÔÓ‰ÍÎ‡ÒÒÛ �+, ÚÓ ÓÌ‡ ‚˚ÔÛÍÎ‡ ‚ÌËÁ Ì‡ ‚ÒÂÈ ÔflÏÓÈ R
Ë ÏÓÌÓÚÓÌÌÓ Û·˚‚‡ÂÚ ÓÚ +∞ ‰Ó 0.

äÎ˛˜Â‚‡fl ÎÂÏÏ‡ Ë ÓÍÓÌ˜‡ÚÂÎ¸Ì‡fl ÙÓÏÛÎ‡. á‡ÔË¯ÂÏ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ (10) ‚ ‚Ë‰Â 

(24)

ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ η, ÛÒÚÂÏÎflfl ξ  ∞, ËÏÂÂÏ (‚ ÒËÎÛ ÎÂÏÏ˚ 3) L(ξ)  0; ÔÓ˝ÚÓÏÛ ÔÂÂıÓ‰fl
‚ (24) Í ÔÂ‰ÂÎÛ, ÔÓÎÛ˜‡ÂÏ 

(25)

(ÔÂ‰ÂÎ ‚ (24) ÒÎÂ‚‡ ÒÛ˘ÂÒÚ‚ÛÂÚ, Ú‡Í Í‡Í ‚˚ÔÛÍÎ‡fl ÙÛÌÍˆËfl ‰ËÙÙÂÂÌˆËÛÂÏ‡ ÔÓ˜ÚË ‚Ò˛‰Û, ÔÓ-
˝ÚÓÏÛ ÒÛ˘ÂÒÚ‚ÛÂÚ Ë ÔÂ‰ÂÎ ÒÔ‡‚‡). 

Ç‚Â‰ÂÌÌ‡fl Á‰ÂÒ¸ ÙÛÌÍˆËfl A(h) ‚ ÔËÌˆËÔÂ ÏÓÊÂÚ ·˚Ú¸ ÓÔÂ‰ÂÎÂÌ‡ ‰Îfl ‚ÒÂı h ∈  R, ÌÓ Ú‡Í Í‡Í
L ∈ �+, ÚÓ Ì‡Ò ËÌÚÂÂÒÛ˛Ú ÚÓÎ¸ÍÓ ÔÓÎÓÊËÚÂÎ¸Ì˚Â ÁÌ‡˜ÂÌËfl h = L(η) > 0; ÔË ˝ÚËı ÁÌ‡˜ÂÌËflı A(h) ∈
∈  (0,1), ÔÓÒÍÓÎ¸ÍÛ ÙÛÌÍˆËfl L Û·˚‚‡ÂÚ. 

ãÂÏÏ‡ 4 (ÍÎ˛˜Â‚‡fl). îÛÌÍˆËfl A – ˝ÚÓ ˝ÍÒÔÓÌÂÌÚ‡ 

(26)

Ò ÌÂÍÓÚÓ˚Ï ÔÓÍ‡Á‡ÚÂÎÂÏ ρ ≥ 0. 
Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ÑÎfl ÔÓËÁ‚ÓÎ¸Ì˚ı x, y > 0 ËÏÂÂÏ 

,

L s( ) 1
ρ
--- 1 e ρ s τ–( )–+( ), ρ 0, τ  := aln R.∈≠ln=

L ξ( ) L η L ξ( )+( )+ L η( ) L ξ L η( )+( ), ξ η,+ R.∈=

a ) Lρ s( ) := L ps( )/ p, p 0;≠

· ) Lc s( ) := L s c+( ), c R,∈

L η L ξ( )+( ) L η( )–[ ] /L ξ( ) L ξ L η( )+( )/L ξ( ) 1;–=

L' η( ) 1 A L η( )( )–[ ] , A h( ) := L ξ h+( )/L ξ( )( )
ξ ∞→
lim–=

A h( ) e ρh– , h 0>=

A x y+( ) L ξ x y+ +( )/L ξ( )( )
ξ ∞→
lim L ξ x+( )/L ξ( )( ) L ξ x y+ +( )/L ξ x+( )( )

ξ ∞→
lim

ξ ∞→
lim= =
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ÅÂÎÂÌ¸ÍËÈ

Í‡Ê‰˚È ËÁ ÔÂ‰ÂÎÓ‚ ÒÔ‡‚‡ ÒÛ˘ÂÒÚ‚ÛÂÚ, Ë ÔÓÎÛ˜‡ÂÏ

(27)

ùÚÓ ÓÁÌ‡˜‡ÂÚ, ̃ ÚÓ ÙÛÌÍˆËfl A Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÔÓÒÚÂÈ¯ÂÏÛ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÏÛ Û‡‚ÌÂÌË˛ (27), ËÁ-
‚ÂÒÚÌÓÏÛ ‚ Ó·˘ÂÈ ÚÂÓËË Í‡Í ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ äÓ¯Ë (ÄˆÂÎ, ÑÓÏ·, 2003, Ò. 34); Ò‡-
ÏÓÂ ÔÓÒÚÓÂ Â„Ó ËÒÒÎÂ‰Ó‚‡ÌËÂ ËÏÂÂÚÒfl ‚ (Ñ˚ÌÍËÌ, û¯ÍÂ‚Ë˜, 1967, Ò. 226), „‰Â ÔÓÍ‡Á‡ÌÓ, ̃ ÚÓ Ó„‡-
ÌË˜ÂÌÌ˚Ï ÔË ÔÓÎÓÊËÚÂÎ¸Ì˚ı ÁÌ‡˜ÂÌËflı ‡„ÛÏÂÌÚÓ‚ (Ë ÓÚÎË˜Ì˚Ï ÓÚ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ„Ó ÌÛÎfl) Â-
¯ÂÌËÂÏ fl‚ÎflÂÚÒfl ˝ÍÒÔÓÌÂÌÚ‡ ‚Ë‰‡ (26). �

ç‡ ÓÒÌÓ‚‡ÌËË ÎÂÏÏ˚ 4, ËÒÔÓÎ¸ÁÛfl ‡„ÛÏÂÌÚ s ‚ÏÂÒÚÓ η, ËÁ ÙÓÏÛÎ˚ (25) ËÏÂÂÏ

êÂ¯‡fl ˝ÚÓ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ Ò ‡Á‰ÂÎfl˛˘ËÏËÒfl ‡„ÛÏÂÌÚ‡ÏË, Ì‡ıÓ‰ËÏ 

ÌÂÓÔÂ‰ÂÎÂÌÌ˚È ËÌÚÂ„‡Î ‚ ÎÂ‚ÓÈ ˜‡ÒÚË ·ÂÂÚÒfl fl‚ÌÓ, ÚÓ„‰‡ ÔÓÎÛ˜‡ÂÏ 

˜ÚÓ ‚ ÚÓ˜ÌÓÒÚË ÒÓ‚Ô‡‰‡ÂÚ Ò (21). íÂ·ÛÂÏ‡fl ÙÓÏÛÎ‡ ÔÓÎÛ˜ÂÌ‡, ÚÂÏ Ò‡Ï˚Ï ÚÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡. 
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General Form of Criterion in Bellmanic Economic Dynamic Models

V. Z. Belenky

Provides the general expression describing a criterion for a class dynamic time homogeneous recursive
models (called Bellmanic models). To construct the models of economic development for this class
there is no other criterion besides three well known ones: 1) terminal criterion, 2) integral discount cri-
terion, 3) maximin criterion by Rawls.

A x y+( ) A x( )A y( ) x∀ y, 0.>=

L' s( ) dL
ds
------ 1 e ρL––( ), s– R.∈= =

xd

1 e ρx––
-----------------

L

∫– τ+ s, τ const;= =

1
ρ
--- eρL 1–( )ln– τ+ s L∼ L s( ) 1

ρ
--- 1 e ρ s τ–( )–+[ ] ,ln= = =


