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——— METOIbl OIITHMH3AIIHH — T

Ob OJHOM KJACCE AHTATOHUHCTHUYECKUX WUI'P
@ 2012 r. E.IL Toasuorreiin

{Mocraa)

Bruypenen Kiace aHraroHHCTHYSCREY HIP, OONANZIONMY CBOHCTRAMK KOCOCHMMETPHHHONH MaTpuH-
Hod wrpel. Tlpy onpeicicammx YCHOBHAX DECKOMIH LN OHHAs HIPd MHOIHX JHLL OKA3LIBAETCH K-
BHEANEHTHON MIPE M3 Yroro kiacea. Eenu nrpa MHOtHX auy koueuna, To (DYHEUNS BRIATPBICH
DEBHBAACHTHON AHTAFOHNCTHYECKON Hrpbl Dunwneiing i1 ROCOCHMMETPHIHA,

Knmoueskie caors: HHTAINOHHCTHYSCKan Hrpa, KUCDCJEN\ICTJ]"“HHH 1[ﬂTp]!ua. GeCcKOANHITHOHHAH
HI'pad MHOI'HX JTHIL.

1. Paccmorpum BCHICCTRCHUYIO (IyHRIIG 3D = Py, v) ABYX BCKTOPHBIX APIYMCHTOB ¥, U/, 38aHHYIO

Eﬁ HpAMOM NpoM3IBCACHUN (% &, t1e (7 — BRI YKIBIA KOMIAKT HEKOTOPOro CRKIHA0BA IPOCTPAHCTEA.

BEACM a!‘mammtmHucclcym wrpy I'(dx, &), B RoTOpoil oba HIPOKA HMET OIHHAKOBEIE MHAOKECTREA
crpareruii G, a ynkuneii Buurpstuieii nepsoro Hrpoka senserces B(y, v)

Byiem rosoputk, 4ro divHemms i, ) YAOBIETROPACT ycnosuio Q, ecan & porHyTa Ha G no u

npu odoM GuKCcHpoBannom ¥ € G, BRINYK)IA Ha (7 1o » npu moGom dmikcuposanroM ¢ = (7, Aenpe-
peIBHA Ha G * 7 U, KpoMe Toro,

O, u)=0 Vued (1)

o F e = T o . - 3
Ecnu @ ssnsctes Sunnnciinoii (ynkuneil, onpenensemoii KpagpaTHOil warpuuell A, a

G={u=(u n}'E" =11 mna

{ ( 14 sees “} = ﬂ y |”" I i TO T pa I ((]3___ G} npcnpﬂmﬂc-]-c“ B Ma']'pill[H}']G |'|_i'p}" B CMCHIan-

HBIX CTPaTCIHAX, 3A/1aBACMY 0 MATPHLEH 4.

g J:ﬁ;;?.ﬁ:}.xfj m_ll_ll.l. ::;n };:EJI(?B]-IC Q= ﬂar{lHﬂM CHYHAC IKBHBANIEHTHO TPeBOBAHHIO KOCOCHMMETPHYHO-
8 .1 A Tax obpazom, npu cobaone na

ool T, | AcHHH yenosua Q, urpa I'(d, G) sensercs oboGmeHiem
! g arpuinoii urpel. Kak uasectro, Marprunas HIpa, onpefeaseMan KocoCHMMET-

p.u THOH hiar]ra_jruuu._ COITAAACT CACIYIOWHMHA CERONCTRAMM: oo 1CHA paBHa {(, a MHOKECTEA OTTTHMIITBHEIX

CTPATETHH ODONY HIMPOKOB OJIMHAKOBRBL, Kak Oyner YCTAHOBICHD HMKe. d 000 ai TaroHHCTHYECKOH

HIPE LI T ¥ N ii - , i

wipel I, ), B koTopoil dyHKima Beip PRIIICH YNOBNeTROpACT yenoruo Q,, oba a1 CBOHCTEA CO-

XPanarTes.

Yrao |cu_-:cat':'rv;.:5| nepsoro ceoiicTea (Hyneeas uena HIPBI), TO COOTBETCTRYIOLICE 0DOCHOBAHHE OYe-
BHAHO. JleHecTEHTCABHO, 1B cHny (1)

max P, 220 wped.

we i

min®{u, v)<0 vue 0,

red

OTEyna chaciaycT, WTo ucHa urpel [(d, () pasna nymo. OGocnosanue BTOpOro CROHCTBA moTpedyeT
CYNICCTBCHHO DOALIINX yoHmnii.

e o Fad — s , .
Obosnaunm U u F° muokeerBa onTuMansrbg cTparernii Nepsore N BTOPOTO HIPOKOR WIPLI

(D, G).

0 IJ'IIEMn.m L. Ecau ghynrnyus ® vooeremaopsem yenosuo Q,, a mnoscecmso G cosnadaent ¢ OMpeIRoM
], me

U=y (2)
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HoxkasarenscrTro. [Iyere - NPOU3BONBHBIA INEMEHT MHOMKECTBE F©. YunTsigas, ¥4To CHA
urpel I'(d, &) pagna Hymw, HMeeM

max O(u, ") = 0= D", v"). 3)
[Toxawem, uTo welnl]

e U (4)
w - = .
JloKas3aTensCTRO MPOBEIEM MeTONOM “oT npoTHeHoro”. Ecin ¢ E U, 10 ﬁllll,.i_[’[]ll](D{u L) =0,
T.€. HaiigeTca Takas Touka ¥ € [0,1], ana xoropo#
d(2", #) < 0. (5)

Brifepes nporssoabnyo Touky «° = U JIng onpeienenHocTH YCIoBHMEH CHITATh ' = (apy-
ras BOIMOKHOCTh aHAJIHIHpYeTCH ananornine). Ha toro, uro @', v ) =0, mmecT MecTo (3) 1 yhk-
uKa &P BOrHyTa Mo NEPEOMY apryMeHTy, BblTeKaeT

O, v")=0 Vue[u, v]. (6)
Mockonbky min,ep P, v) =0, O, 2" )=O@", &' )=0, a hynkuus @ pEnykna no BTOpoMy
APryMeHTy, HMEeT MECTo

O, v)=0 voe[u,v] (7)
Takum ofpazom, cormacuo (1), (6) n (7) dyHxkums P papHa HYmIO Ha FpaHnuC TPCYTIbHHKa

A={{n.o)uelu,v ), velu, v ]}. Orciona ¢ y4€TOM BOrHYTOCTH (BeimyknocTu) P M0 #(¥) no-
TYYACM, 4TO

O(u, ) =0 Y(w,v)END (8)
Coornomwenne (8) ¢ yuetom peinyiioctd GyHEUmH @ 1o ¢ MPHBOIHT K PaBCHCTBY
min ﬂ)[&l‘, 'a_'}) =1, (9)
ris{0,1]

KOTOPOE HMEET MECTO juia Beex i & [u', #°). Via (9) n Henpepsisnocts dyukinu P CneAycT HCpaBCH-
creo D(2°, 1) 2 0, xotopoe sxoaut B npoTHBopeune ¢ (5). Crenosarenbho, v° € [/. Tem cAMBIM YeTa-
HOBJICHO BKMoueHne F* C U7, ObocHoBaHHe NPOTHRONONOAHOTO BKIIOMCHHA MOKCT OLITE NPOBEACHO
AHAIOI HUHO.

Teopema 1. Eciu dhynxyun B yoosiemeopaem yeaosuo Q. a G — apthyKasd KOMIKIKN. IR0 Yetg
uzpet U(, G) pasna nyaio w uneem mecmo coompoenue (2).
Hokazarenrerro, To, uro uena urpw (D, &) papHa By, J0Ka3aHo paHce. Yoeanmces g
BEPHOCTH BHIKUCHHSA
U (10)

3admKCcHPYEM NPOHIROILHYIO ONTHMANLHYIO CTPATETHIO ' BTOPOTO MIPOKA HIPEI Ird, G). B ra-
KOM CIlyyac

max D(u, v*) = 0. (1)
re

Ecmu Gyiier yeranosneno, uro
mind{z’, vy =10, (12)
e

TO TEM cambM ByeT Aokazana seprocTs monoucHus (10).
JaurcHpyes nponisolbHy0 TouRy ¢ & . YOenuMca B CIPaBEITHBOCTH HCPABCHCTEA
@, 1) = 0. (13)
Jna FITOrS BBCIEM AHTATOHHETHUECKYID  HIPY I, =1'td,, G, e G, =10, Il
O(a, B)=0(av+(1-a)p", Bo+(]- o7 ). Cornacna (1), touka i = O senseres onTUManbHOH C1pa-

FCrHCH BTOPOID HIPOKE HIPRI I',. Hockoneky dyukuus O, yaosacTsopacT yelosuio Q. COMIACHO nem-
me | rouka o = 0 — onTumanbaas erpaterus neproro wrpoka urps 1), D10 ospanacy, uro @, (0, 1y = 0
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I BCeX ﬁ = |{}1 ]l1 H B HacTHoCTy [[)i{[} I-}=(l~}
HepaseHeTBo (13), a 3nauwnT, i paBCcHE TR “‘2}_

Brmouenne L™ < F

-
(v', #)20, e. ma moboro ¥ € G umeeT MecTo

Pl
FETAHABIMBACTCA [P NOMOLIH AHANOTHYHEIX PACCYACHI.

2. Mob: LG CTRC HHL " -
19 peleeTECHAR dyninua O, OUpCC/NCHHAA HA NPAMOM TIPON3BENCHHH JBYX BBIIYKIThIX

KOMOAKTOB (r, NOMHMO @HTAroHMoT i = -
12 . E IECKON urpe IM(dr, ) nopokaaer samauy .
TAKOM TOUKH PABHOBCCHA 1° € G, wro pul IU(d, G) nopoxaaer sanasy P(®, G) onpencnenus

O(a’, 4" ) = max D i
u") max (o, 1), {14)

Eciu dpyurigs 4 1CT o
byuxina @ ynosnersopscr yenosmio Q,, o n3 (14) o Do v S o o

ok =
F=u'=y" (15}
Touek pasnoBecua) sanaun P(P, G), a U* (V") — MuokecTso onty-
Oporo) urpoka urps K(®, G) .
Ocnadn CNOBHE 33 ouer
. o (T; i } . Q(l 38 CHCT Toro, uro Bmecto (1) DyneMm npennonarate BOrHYTOCTE
= dyrKunY (. w) wa G. OcnaGnenuwii BapHanT yenosua Q) obospasem Q.. Tlomommm
O =DQ(u, v) = P, v) - D2, v),(n, PYE GxG '
Ecin dynxuna O ynosnerso
- BHIO Q. 3ameTHM Takie, uTo,
aagau P(d, Gy u P(D, G) cor
CACAYIOUICT YTRCPHICHNAC,

rae U — MHOMCCTRO pelienuii (
MAJILHEIX CTPATCrHil NEPROTO (BT

PACT yenormio Q,, To, auernano, dysukuns O yrosnersopser yeno-
nockonbky @ — O 3apuent ML 0T APryMENTa D, MHOKECTBA pemcHnii
Mmajaer. C yuerom >tix aeyx dakros u (15) u3 Teopemst 1 BuITexact

Teopema 2. fTvemes dovircyus (O _'Erﬁor:-;remr;g;mcm veaosuo Q,. B makom cnyvuae cediosoe mnooice-

CHGE RIS N EC LN CC KO T .iu'pm U(D, GY umeem eud U* x U, 2de U — mnosicecmso peuenuii (mouei
pasnosecus) sadawn P(D, G), npuuen yena wzpoi I'(D, G) pasna nymo
; [VREG.

P({Dglgl-;lillth{]}TCGpL"ME-I‘2 L:m."rn“-f- B TOM, 4TO B COOTBETCTBHMH C Heli UMCACHHBIE aHANN3 3a1avm
8 pr Y, YIOBICTBOPAIOWICH yenosno Q,, moxeT GuITh [IPOBEJIEH IPH TOMOIIH METOI0E OThIC-
KAt CCIUTOBRIX TOUCK BOTHY TO-BRINYKNOH dynknmny, onpeneneHHoli Ha NpaMOoM NPOH3REICHHH aByx
OMHHAKOBRLIX BREINVEILIX KOMOakTos, Kax H3BCCTHO, CPe/ii TAKHX MCTOZO0B HMEIOTCA BEChMa e KTHE-
HBIC, HGKHEHTCJ"*CT_““ TCOPEMBI 2 NPH IONONHWTEILHOM MIPEANUIMKEHHHA O JTANIIHLEBOCTH thyHKIMn
@ colcpucuted B (I'onbireiing 2009), ‘

AMETH YT HYTi Y .
3ame PHM, STO BOTHYTads HelpepeiBuas n cynepanddepenumupyenmas Ha BHINYEIOM KOMAAKTE ymx-
uHs He obszana ObTh nunnuesoii. Mpuseaem [OATECPHK A0 TIPHMED

[MycTs

G={{x,yr-12y=s—|x|"2

x|=11,

Ary=1" P GNEG (xy)#(00),
0 (xy)=(00).

HeTpy/tHO NpoBCpHThL, YTO (hyHKIIHA / BOTHYTA M HCOPCPHIBHA Ha BeInyKAoM komnakTe . Kpome toro,
oua JM(phepeHunpycma Bo Beex Toukax G, omananmix ot (0, 0, a s touke (0, 0) cynepanddepenim-
pycmad. Bmecre ¢ tem sta dynkuna ne ansercs Jnnmunesoi & moboil oxpecrioctn Tourn (0, 0,

PaccmoTpum Beckoannunonnyio urpy R ¢ uncnom HIPoKoB k = 2, KoTopas 3agaeTes A8 KakI0re
HIPOKa MHOKCCTBOM X cro crpareruil (npeanonaracres, uTo A, = HenycToil BRIMYKIMA koMnakT) u
yHKIHCH BRIMTPLILCH /. onpesencuHoii na npaMom nponsseiennn X = A, *..% X, MHOMCETB cTpaTe-
rui Beex urpokos, 1 =7 < 4. OGosuaunm X (X" C X) muoxectso touex Hama nrpet R.

YenoBUMCSH FOBOPHTE., UTO HIpa R yAOBICTROPACT YCIOBHIO 8, cCi thyHKIHA f; HElTpepbIBHa, Bo-
FHYTE OTHOCHTCALHO X, & X, | BLIIY KNS OTHOCHTEALHO

By = A K ey Xy 3 Wi g I} EX 2 X MR, R X K. XK, 1Ei=R,

. i .
a yakumn - E ) I_}’, CYMMAPHBIX BRIMTPRIICH BCEX WIPOKOR WIpwW R soruyra.

FKOHOMHEA M MATEMATHYECKHE METOJR mom 48 M3 2002 g+
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Hrpe R conoctaenm dyukuuo Dy, v), u € G, v € G, HCNONR3YA COOTHOLICHAE

i
Delu, v) = Zﬁ(”n veny D Uiy Upags oo V) — AWy, s Uy), (16)
i=1
rac
FlU 1, e V) = Zf .f}(v], e ), G=X, X XX u=(uy, ) EG, v=(2, .., 0,)EC.

W3 onpenenenus (14) sanaun P(D, G) u (16) pynxuun O, cnenyer:

1) uro mAoxkecteo pemenuii U samasn P(D, G) coBnagaer ¢ mHomecTroM X Touek Hoaiua
urpet R; |

2) dpyuxuma O, ynosnersopaer yenosnio Q,, eciii Hrpa X yI0BICTBOPACT yCIOBHIO S. |

C y4eToM TOro B KaUecTBC CACACTBHA TEopeMbl 2 MOJIy9acM CIeIYIOIHE Pe3yILTaT.

Teopema 3. Ecau Gecrkoantyuonnad uepa R ydosiemeopaem Veaoguio 8, a gncyus Dy, zadaem-

ca coomuowenuen (16), mo cedroane MHONCECMED AHMAZOHUCTANYECKON UZPbI (D, &) wareem s
X' % X', zde X' — mnoacecmeo mowex Howa uepe R.

3. PaccwoTpHM SAcTHERIE CiyHai OecKkoaMHIHOHHOH HMIPEl MHOIHX JIMI, B KOTOpPOI Kadcrbiid Mz
HIPOKOB HMEET KOHEUHOE 9Meio cTparcriii. Takwe Hrpel Ha3sHIBAIOT Koweunsimu. Jansneine vnaumy
PACCMOTPCHHS CEAZAHLI C BRIASHCHHEM TNOAKIACCA KOHCHHLIX HID MHOIHX JHIL YHOBJICTROPDSHOIIIHX
YCAOBHIO S H, CACIOBATENLHO, JOTYCKAIMILRX CBEICHNE K AHTATOHMCTHMECKOH HIPE © HYJICBOI LCHOI],

Jins onpcanns KOHEMHBIX Hrp O6LYHO HCMONL3YIOT TabMHIE], IEMEHTR KOTOPLIX HYMCPYIOTCH
IPH NOMOIIH k HHACKCOB, rae k= 2 — 4icI0 HrpoKOB COOTBETCTBYIOIIEH HIPHI. YCAOBUMCH HAZLIBATL
Takue Tabanubl k-veprsimu, TTo apanorun ¢ Marpunasmi (AByMEPHEIMI TabauuaMi) npu sanuc k-mep-
HO#i TaBnuum A Gyaem nonkiosarkes odozuadennem A = (4, )y, mpe THE 5, — HHICKC C HOMEDOM
npUHHMalomuil uensie snavcuua ot L non, 1 <a <k a,, ,,. —NCMEHT TabnHu A, onpefciaeMbii &
HHACKCAMH |, ..., 5, COOTBETCTBCHHO. YCIOBUMCH MIPH CYMMHPOBAHHH CMEHTOR TabANIB 4 NO p < k

g

LT . .
HHACKCaM BMecTo 0Do3HaMEHHA E P E iy 5 HCNONBE3OBATEL fosee IKOHOMHOE DﬁﬂjIltl‘lLHl'lc
1

z-"’l _",.“a.\.'l ol

PaccMOTpHM KOHEYHYIO HICPY C YHCAOM MIPOKOB &, B KOTOPOW HIpOK i MMeCT #, CTPATCIHil, a ero

iy ; (iy ' ey e
Jt.._nz)m...ul' rne a'-'|----"' - “'*'”"P'-'”” Tll'pll}l(ﬂ {y BCITH UT-

L |

BEIHIPBIT 3adaercs k-mepuoi tabnuncii A4, = (a .

POK @ BRIDHUPACT CTPATErHIo 5, 1 < @ < k. Ecinn pactiMpHTh MHOMKCCTBA CTPaTEerHii HIPOKOB CMCIIAH-
HEIMH CTPATErHAMH, TO MPHNOAHM K KOUCHHOH HIpe R B cMoIUAHHBIY CTPATErHAX C© k yuacTHHIAMM, B
KOTOPOI

Jrr
X = (= (X s X D X, = 1, 25, 20, 15,514}, (17)
551

1A
.
In".

=2 a® xy, L. 15ish,

] T
e X = (X, o ) EX =X XK . xKX,.

JaMeTuM, 9TO ANH KOHEHHOH WPpHL, onpeiensemoi coordomchusmn (17), yeaoBue S CBOAHTCS
i apym TpeOORAHUAM: NPH MoGoM dukcHporanoM Inavenny Bextopa x; € X, (pyHKUMA f; BEINYKIa

. : k
OTHOCHTENBHO X; = (X1, .0y X 1 Xyiy e X ) € X, 10 < ki pynkuma fx) = z I_f;{,r} BOIHYTA OTHOCH-
TeABHO X = X e

Teopema 4. Koneunan uepa R, sadasaeman coomuowenusmu (17), yoosremeopsem verorumno S g
MOM W IHOTBKO & IOM CiyHae, echi coliedmomen credyiomme mpetoganiin:
k

k
fx)= D maul+ Y (bx)XEL=L,X. XL, 1<i <k, (18)

=113 Pl pd

DKOHOMHEA W MATEMATHYECKHE METOABI  wom 48 Ne 3 2017
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20e  a,— Map .
< it Puia ¢ n, cmpokamu  u R, cmoabyamu, b,~ n-mepuni Gexmap,
Li={x;=(x;, ... x, -Z"’ e
= = ils -hlml.:l. N ‘_1_“_'—[:-;'
T _ .
aptay=0, 1<ie<k (19)

ORATATCNLCTED T “ .
(EL o FC(‘.PPLM Ll 4 OINUpacTeA Ha CACAYHIIIeE BCMTOMOraTeILHOE YTECREKACHHE,

Jemma 2. Hovununesas dhvixyun p(x) = E b
SLRVIION (G0 J .

madnuys B = ( &y,

sty Xlgy X s o X = (Xyy oy X)), J 22, A607€MCH

vnkyuei na X = Xy %% X, ¢ moM u moreko 8 mom cayuae, eciu IneMenmbl
o, , danyckalom npedcmasnenue

_ pil ' ]
bary = B+ B, 125, <n, 12as; 0
WU, IO MO e cavoe,
i
plx) =Z{h,-,,r,),.‘c€ L:L,X,,.XL;, ce

1=1

ede by - n-Mepuui weRmop,

Hokaszsarteny

€TBo. Buauane yGenmumes B axsuearenmnocmu (20) n (21). Wa npencrarnenns
(20) BriTeKaeT coory

TocHue

wy

@lx)= Z(h,.m ‘JH z.x“: "

t‘iﬁ: 5= |
n’;

KOTOPOC NpHBOAHT

K (21). Ecnu ®e B paBeHeTS
¢ (21) B xauectse x; BeIOparh eMMHHYHBIT BCKTOD ¢
CAMHMIEH na 5, | < E () ¥ p 2 P

= J, To nonyuaem (20).
Hokasarennerso He

2 oixodumMocm MTPOBCAEM, MCMOABIYA HHAYKUHIO 1o j. PaccMOTpHM chRyvail
J=72. Torna

@lx)= Zf)wl_,_)\ 1oy Xy X =00, X2). (22)
¥1 853

IMyers

X = (_T-”..'O D, ‘r|.1|1 g e G} .t“ +.r'|_...: =] :: ﬂv -r'l_\'l 2 U:'

s XAn

Xy = {"]';h ....O, .\'1‘:‘0, ...,Uj, Xy ‘l'.'l.'l.'.2 =1, X = U \1‘1 - = 0.

Obosn = B i, = i
A9UM X\ =z x5, = 2z, U NOACTARHM B (22) smbpanusie x, ux,. Torma ¢ y4eToM OrpaHHYCHAN HA

Ky Xigps $31 X35, HMCEM

fi.'l[:h 22] == :Izz(h'll + L’.‘F:.‘." = 'b|r1 = 'h\'| |1J| l q_;{-Z" Z:}‘

- BhiNyknas nnbo Boruyrtan diynkuus na keagpare A= {(z,,2,): 05z, 1,0z, =1}
KCHWIO), @ @(z), 2;) — Annciinas QyHKLEA NII0C KOHCTaHTa, TTOCKOIBKY 2,2, HE ABARCTCH
HH BRINYKNOi, Hin BoruyToii dryHKumeit na A, orciona cnenyer

e @iz, z4)
(no npeanono

by 4 .h””— .I'Jh:—f!ﬂ, =0, 1<5,=n, 1=25,=n;. (23)

h—
Nosomim b b B2 = b, — by, . Torsa ws (23) nonyuim nexomoe npeacrapnense (20) ana coy-
qan j = 2,

iy = 3
[Ipeanonoxue BeproctTk yrEepkACHHA TeMMEl 2 B yacTh neobxomumocTn ana j=1-1,1=3, no-
KAIHEM, 4TO OHO UMECT MECTO W NIpH j = [,

DKOHOMHKA W MATEMATHUECKHE METOObLL  om 48 M3 202
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Myete ¢ (%2, .oy X)) = Z_h__”bﬁ_,;__wxz‘z wXgge 1 =5 =y Ecan Gynkums @(x) BeINyKia (BorayTa)
Ha X, To @, (x,, ... X;) 0BAadacT TEM Ke CBOACTBOM Ha X, *...x X, [TorroMy cornacHo npeanonskeHn o
HHAYEIHH 13 (21) nMeem

|
q:-_”{:l';, Lk | x.l') = z{.hjﬂ'! .1',-}-. 1= 5 = . {"24}
=2

M3 (24) BLITEKACT, 4TO
{
Z b.'r| __.f;"': 1% '"'xll.'r,l = Zzb.\ 1 .\'_-"1‘ 153 'x'-m.: = [‘25]
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On a Class of Antagonistic Games
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der certain conditions, noncooperative game of many individuals is cquivalent to
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